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PREFACE 


Moflt uuOorgraAjflte* iJi fcnaw a gr«at deal of electr-qfliafnot i mh, 

upeciaX reldilTlty quantum Mochanicfr timie they h«ve Esumplfeted their 

c&nreef but practically n^thjjs^ ebout iioderii tb-eorinn n£ ^p^arliatlon^ ¥*t 
(troTity i« nev one at the meet exciting area« of pibynicB, both ejcpEriwutally 
and t]i»arctlcallyi ia addition to ito imiqu# relatiop vith at least the large 
Bcule stmetyre of epaee and time* Mtcr Bome forty yearB of relogatiou tg 
the realB ef ceiBologyt relativistic grovitatioB hss entered nstrophysirp vith 
a Tengcauce follovine the diacavery of neutrnn stiBrs and, wry raeoatly, cob^ 
pact Way aoorteB. Wlile the revival of theoreticsl tntereat in gravitetlop 
bus been Ted by the succesaful explanation of at Itaat the qnalitaiive aspects 
of stellar evolution nad the epparant iosYltability of grirrltational collapse 
at Lbs end af the life of perfectly narail aUrSt tha teohnnlogy of tbs atcond 
half of this oentury has mnda pDaslble experljuents of hitherto unproredentad 
accuracy ia the field of grnvitatioiit acme qualitatively new. Blnstetu*o 
theory of gravitation^ generBl ralatlvlty, has been verified at the one p«r 
cent isvei, gravttattonai waves are being Tigoraualy pursued and it bcms 
quite lively that the ooanpact X-ray iiource Cyipiuo X-1 containa a star SO col¬ 
lapsed that even light cannot escape lti a black hale. 

'file interested undergraduate has no aceeas, other tban oMipopiilar artiolee^ 
to any of this excitepeiit, lacking (as do moat prafossicnul phyaiclata) both 
the iMtheiMtics of general relativity and the inaight and experisnee necessnTy 
lo clothe the nmthosAtlce vlth phyeical reality, I have wliten this hook in 
the hope of purveying the flavour nf the phyaicnl reality but without uufaiii^ 
liar Botbeimilea. The bnok U haiaed on Iseturea 1 flrat gave to second year 
undergraduates at Oxford in H174^ Hy audience had oofipleted couraaa in el«o- 
tronagnetiam and ia special relativity| and I determined to tackle gravitation 
without employing on the one hand general curvilinear anordinntep^ or on the 
other the hngrangiBn fomulotlon of field thflory: I have applied the tlamBU- 
tary tanls of epeclal ralativlty to tbs problem of general iaini theory 

of gravitation* The wonkiin&E nf this appronch i» that it is not prartltable 
to puab beyond tho west field approxiffist A on to the Einstein field equntions 
(although 1 did find a way of Lrtating Ihc precession at the peribelinii nf 



MtiJ^cury) Mca it in Jint a diactiEQloa of * Urn ritroiigtb it 

thaL it biiilils pn anttrial cEtitrel to OTiy pby«icN cournc huH nhqiild, I 
UDt Qtdy deupaii tJae UDCSeratand^iKg of ttae«e foun-dations but fidfro bfidgt the 
apparanL CL 0 A 111 aeparatiDj^ |fraT'l±-Kiioa from the rott of pliytlCA. It further 
boa the pdiraataj^a thftt pitiiaiigh irovitfitlop im -tr^titoci pp p clonaioal fltl+l 
(and B field cgrragpondin^ to Moa^leeg opid two fTAvitons at ttmt) tlie Jia - 
tn ttinn ^ f Bpnce— t ijw by the pr eisgoee of pmoa ea ergta ai a doilraM^ waj of 
iflte rprttipB the r e^ iltB * 

Thia pppronch ip liphle io liiErttr oditia on the AroaniJa that ft delays the incnl— 
utido nf the only pi*oper mo^o at thonjEht^ nantely tho geoioftrlc trootfflept of 
geneiTAl relnilTity, My defenc-e agptnal punb a ohorge Hop noptly ahovo> but 
1 ahnilld reiiinrk that a field theoretfciil Approach to ^^ravitotl on l«pde aLtranat 
iltevitably to geimrai pelatiiriiy when pursued to @11 orderp in tho atr-dtljith of 
the gravitational potentioif pcd 11 phould always bo rotici&bnrvfl tlmt physics 
ip on experiinBatal Eubjopt and it Is not iBpoesible that [| pure geanctrin ap¬ 
proach mi^t one day prove to be untenable, Anyanv iatendinit Lo ilii«velop a 
profoasional interoit in gravitation unit learn the sraihemailcal luuguage of 
gencrei relativiLy; It is my hope neraly to hove provided a Way 111 io llie 
subject for thoBB not yet eo Equipped, whether undorgriidmoliVe or profceeianal 
physioiat-j whose training mid t&odrE at theuubt are auli.lect ta iho ofutie 
I ini Uitioua aa Ji^’ owai 

tha plan of this boolc |p as followSi. Ij> rhopter 1 apc-cial relativity ia 
brltfly revJpwtid, with the tanphosie on the Lorontr cgVBrlaiice of the eqTiations 
of phyaice, there ie thon a short djacufsioii of Bccoleratiooa in the francr- 
work of apeclal relativity, (jravity fir at appeara at th« and of this (^haptor^ 

when the reader la confrontod with two prabieme^ The Augpientliig of Newtonian 
gravitation by nmas-eiiergy equivalence allows a caloulation of the gravita- 
tlonal rddahift, whieh cooiea out rights, nod a calculation of the defleution of 
light by tlie Sun^ which coDea out wrong by b fBCtor af two. A alB^le ninded 
application of th# principle of tinique accelaration in a gravitational field 
(oft^n lonatily rafurred tq aa the principle of equivalence) yielda prociaely 
the snae onswars. The two prohlens are, bow cun the iroviliitioiinl 

daflection of light ha a factor of two bigger then yitldod by these calcul»- 
tiona, which get the redahift (on snergy dlffarence^) rights and eecondly, 
given that ] ight ^ deflected by twice the rOHiilt of theae naive CAlcnlatlona, 
bow is it poHslble nonetholeei to maintaii] that there is no way of doteotiiig □ 
grovitatienn 1 ■bcceierotlon by obHCrvationB within a freely falling labarBtory f 







Chapter ^ csurtaina a diac^aeton uf tbe Elltvnii-4)iclfe ^iperiAHUta 
tratabliehed the ictantity of inertial btl^ irfavitatianal pass, the detailed 
coDcluBlana tliat Pa^ ha dravu fren thep. In Chapter 3 the ec^uatinDa of 
elaetrodynanics are dartved by iitsrting Irani th* equatloEie of elettroataticii 
&dd ret^iiiring that the bdi^ gaaaral eqnatlons are Lorentx oorariont; electro^ 
dyuBpita ia used as a model for grarltation, and this ■aabinEry ia applied t* 
gravity in Chapter vber# tha fi&ld equatiane ar* set up with the co»ea^rv#d 
ecargy-nioiaentuo tenaor as aoure#. The obBErred delleotion of by tlie 

Sun ia used to diotiofuiBb het^neen variouB a priori possilile forma lor the 
gravitaiionnl potwitiala. In Chapter 6 the machiDory La applied to the force 
lavs, yielding w^iuitiona of tootion, *nd the answer to the flrat profalatii roiled 
in Chapter 1 is provided; thoro is a veiooity dependent force acting at right 
angles to the Dotion whlish doflocti a partieltr uithoot chaniiug its energy^ 
the slawinijE <fewn of light in a Bravitatiaiial field, together with the eqnatiana 
of Botion la free fsll^ ia ttaeil in Chapter to find the answer to the second 
qnestioii raised In Chapter 1, Fmsi the point of view adopted in tbia book 
clocks are physloolly aiowed down by e gravitational potential nnd neaparing 
rods are physloally contracted: effects which Biay be rEpresonted if desired 
as 0 dletortian of s|iOce-tLmEp 

Since griiTitational energy is expected to be n source of groiTity, thi? full 
gravitailonol field Equntioup Bust he nonllneor and the work of Chaptere *^-6 
is conducted only ia the weak field spproxiEBatton. Gravitational redshifti 
deflect Ion of light and radar echo delay may sll be diacueacd in theBe termfl, 
but the fourth fanoue teat of general relativity^ the precedBion of the peri- 
heliou nf MoraTary^ may det be. Tbia ia the pqfajeot of Chapter 7^ which 
the weak field equatiooB of Botion ore augnented by a nonlinear tern. This 
tflra is derived by requiring that the characterlstle tinKs and diatoncea of 
gravltotionally hound syateeu are afffl-ctod by on External gravitational poteifi«- 
tial in the aame way as atomic periods and eiaes^ a form of the principle of 
strong eqiiivalfince. Sinus celestial methaiiiet tends to bo neglected in under- 
gradkiste physics c&nraeo^ the iri*tor»winon of processiou and the evtractlon of 
a iiuBcrloal value are treated in terms of radial ostillatious eiiporinpooed on 
a cireulnr orbit. 

In Chapter & the weak field eguptiona are again employed In diacusalng the 
nature of grnvitationai radiation, its geueratidn ond fiEtection. The die- 
cevery that the rodtotipn fields nssoeiated with the theory giving twicie 
the NEwionian deflection of light ere googE invariant givee a thoorotioal 
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PRIi'^’AtS 


for tliia choice of theory und the com^otioii vlth UBs-le«o 

epln tu^ gcrbvitan#. 

Th# loot tuio chaptcri are oeccflurily ifiojolnt fro* the rejit of the hoolc- Id 

-HL 

Chuptor i &n oitEMpt it Doiae tq estahlioh tJie oomiEotiop with ffOueFol relati¬ 
vity phut th* EiQflteia floio eqoattoDfl flrc Dotlher derivotf dot sol-rod. The 
relation betweep tb» Mtrio iooHr and gmitiitional poteotiafe ia dijeuBaod, 
ODd the Eobvartiflchlld! aplutioo in imth stoDdord ood ieotrop^c CDcrdumtep 
used to dlaouio the e^riHatal ienti of lEeDCi^l rtllHtiTlty. la it 

chapter coDtoins a hriof dlacu&Bioa of blftok boles. The Se 1 inr:CaehiId aolu^ 
tioD ia uaed to treat th* propagotlon of light oDd particle ^tipq in wery 
iitrone rial da and the book end# with a ohort dlaeuaaion of how black 

hole a may BBDife et theiiaalVEH to the aatriiinDver, 

In coDstrxictlm thip qpprooob to invitation^ I fotmd the following woiico 
particularly baefnl: *jliji altemativ^o approaoh to the thoory of gravitation^ 
Thtrrle^, Annals of PhyeicH, 9ft (l9ftl)i ^Ucturia on Gravitotloo't 

R.P. Feyi^n, (lgft2--03)^ (unpubllplied laotura notea) ( 'Gravitation vithout a 

ai-’ 

priDclpl« of cqUiTolontio’, H.U, Dloket Had', Hod, Phys., WS (106T). In 

preporing the l,,t tluipter J ^«iiofit«d frcni 'Black holo pbyBioo', R. S«xl, 
tiEBN Beport '£81708 , (1873). 

1 fla wch Indoblod to I.J.B. Aitcliimi, S.J. Orolai Raiin, J,C. Millar ond T.K.B. 
RofalllNill for their erltie«t reading of tho draft of thin book and imiuverable 
helpful caDneiita* 



CHAPTIIR I 

SPECIAL RELATIVITY AND ACCELERATIONS 


1/1 Suflcial relativity ia brief 

Thfl ^inciple of rolotmty aftaertn tJiot there la no eioiiDiiigful way of 
dofiniDg oheolute valpoity. In this form it hhA llttlo phyeteol cadtout but 
W can iiproM ft io aoro phyeloftL termof the Ini^a of phyaica are the auc 
for all obaervero in naifona rolative Such obaerrerii iubabit inertial 

fronee of roforopce: the Aufinitiun of mn Idertiol fraiao li that in m in*riiel 
frOBE a perticlo S»tob m ■ ■Htroilht ftt couatBUi ¥aloclty ualens it ie 

noted tfpon by a Force» Tbia is out a oinmlar stattnaentj If there im a fprc# 
mnethiog ie preeeut to produce it. 


A cDorditinio iranafoiroBtiod coiuiecto obaereere in difftreot IroBeB, II tho 
prineiple of rolntlTity ie correct (anfl thie mkai be aeeiOed by eiptrieiont) 
tben a gllTOD a«t of equations OTprCHPiog a pieoe nf phytiof in one frafflO| mb- 
Jectad to aucb n tTAnafomatiDni retoina lie form and content. In 

Newtonian tMcbAziicSf the equation 

F E B 0 

vfaioh v« Boy write as 

Fj ■ ma^ ( 1 * 1 * 1 ) 


retaina ita foni nod nTpuericBl oantoEit tindor arbitrary translations ond mta- 
tioQfl of the ooordlnatop* It a I so retains its fon and nuBorioal roDtent 
iindor the {^lileaJi transforsation MnneetlBg two inertial fraBOi 


X ^ X 


E s % 

t' := t 


(1-1.2) 


(augmented if ao dpeirod hy tronalations and rotatlonB), This tran sfomotion 
ralatefl Ihe coordinates of b giTtn eeBnt in the prised ioertlal 
coordinates of th(? ease event in tho unprlnod frame^ Tbo velooity v to the 
relative velocity of the tvo frames, for 

= _T nod ^ I 1^ = (1-1.3) 

lit 



The spatial separation of evoats oeourring at the same time ia the aaaie in both 
frames (an Imrariant qnantity) and the acceleration of the teat particle of 
BBSS B is the smae regordloBa of wbioh set of enurdinjates is usod^ fha-t i* 
For B given Force any two ohaervora in uni form relative idotion mBosiire tbe 


1 



3 


GEtAVllAIidiN ilM) BEIiATIVTTY 


acovlurstiDd, A pfay^itiil l^yt vtiivli rctnififl It^ furni «ii.d niaiMsrleal qad- 
ti^nl tm^T 4 pnFttciilAr trofiE format ion is Hid to CoVnriant ^itb rf^sp^ct 
to thnt traojpreFiniitLou. 


Thu oquatiqnfl of ^lootroiugxiotififl are not oovarlmiL vith respoct to the 
GollUon tTAii»fon»tiDa. CauaidEr for ountpLo the oleetTio field of a ploae 

vftve 

E = £ ut) * 


The phfloo is 


Ux ~ m 


and the pbaoe velocity 


dx 




{i.i.O 


Tfie isii||iietlo field ts fu ptioao vilh tbe aleotrio fields vh«i^ the phase la 
atro there io ti 4 > field aod all abaervers should on thlsp The plkose 

should be an i[variant and in« can uee tbig to work out hoppeiia to k oud 

lu Hinder the GnHleiiii tranafarMtion, tbai le to roLotii- the vujLuee of 
Ieu4th and frequency' perceived by qoe ohaerrer to the vdluea perceived by 
siiDtber Doving reltttive to the first. Hie pba«e being mi invariant, 

mtBl bold for all poeltlonfr and times. 


tf if' ajjd are given in terns of x and t by the Gnlllomi tranaformatlon, 
Kve may ihquaLe ooefffoients tif x mid t aud obtain 

= k 

vfc ^ ^ HI 


vheare 

and tho phaae vetority ifi tile priitwd system ie 



We have obtfllned the Doppler shift end the expected relationebip between the 
velocity of light in the two fretaaa. The fact that the velocity is differ^ 
ent Iteslf demonstmteo thot the ct|uationi of rlectroBaagiietisin are not cova- 
riant with respect to tlio Culilea-o transformationj. The point ia rubbed la 
by noting that aa v~ c , and In the primed frame the olectric field 

oofilUetes oinuioldoTly with posItLon and i* coiietaiit with tlTPc* Such a 
field is not 0 iolutlon of Naxwell'a equatloiiB. 



SPECIAL BZLAl'lVITY JUrCELmtllONS 




ftf Bd SCBELLTed WiUt r«Bl Bpp&rtti»l«^ 16 A 

imw*rflfi4--cwttstifl'nti for a 1 1 ntiHErAl-iifftt'tBbA^rTBr*. tft- Kivt i-iliLpr poppcB* 
that Telocity Aias Miaettilng fimay to olockfi onfl BeoBnriiaii rods or that the 
trAimforwtioo relBting the coordiimtcH i t^) to the coordiimtee (i| t) ia 
liot the GAllUi^n traOBforttiktioo. If the vetoeity of Iteht i* a Buiverjuil cor- 
Btafli reffer^enfl of the aBtuje of tha appprstoa employed, theao choicer becoDH 
operatiaxiBlly iiidiAtiRp3iahBblo. Adoptiii^ the second cboloc* ve can chtniii 
the oorreot triilioio-twtioap hy Bhatroetlng iron Harwelleqiutiona one prop-- 
orty: that the velocity of lig^t is a unlvoroiil eooBtatiti 

CoDJidar tao framee of refer cnee ^ ««dh equipped with idantioal opparatuBf but 
■oving with veloeity v relativo to each other along o ooimon i onsi (he 
Cau alwayil pohe a ntatieo of ooordinaiee *0 OJ8 to achieTo thiij) Por Con^ 
veaioDce cbooee x'^aX=-0 when t^at'a^p 


Let the coordinate be related to the tinpriined ooordinatea tbroogh 


(la.B) 


" “14* 

otsd write in general 

*n= 'Vm^ 

where we enploy tbe cioiiTentiaD of emqmntioD over repeated tudlcea (jiiob a 
repeated Lodei Is called dunssy). he expect the coeffioieiitB to depend 

only on tba rolativa velocity v , Thia is a lliuar traRifomiatioii conaoctiog 
the coordinatea of a given event (micb as a wnvefront reochttig 0 ^eclfied 
detector) In one inertial franie with tbe coordfneteH of the sone event in 
another inertial fraae. Tbe tranoformotton in linear beeauae only for a 
linear transfomation ia tbe uimcc el era ted nmtlon of o particlo in one fraine 
aeon ae umtccelerated Botioii In the other (aee Chapter 9)# 


The tN^uation of an eiponding wave front in the unpriced frajBte is 




£ 4.3 


0 . 


{i KQ) 


If we chooBB to define caordinates x m (x, y * 

If* 

in the conpaot forts 






ict) this can be expreaped 


(1.1-7) 


In Lho primed frane^ related to the unprljsed frame by 

X^ = a X 
\i ^ V 




we mat have 
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G^HAmmON AND EELATIVITY 


BaH DO 


*' *' = 0 
p p 


■p *p ■ "pn^pM “p *v ■ *a *ff ' 


ThiM |ElY«a tio nt oncB th« relation 

*p»i“pv' ®nv 

vbero ia tho Er&nttokor delta ftcactioa, having th# tb1u« 1 If u = \j 

and Bferq Dtti«nrlia. 

For tranBforoationi along the aiutuBl w mo# we caJi write 6 fiiirtlior relation. 
We bHve frqid 

“1 ” “IV *v • 

Di ff erecti ate with reepect to for fiaed js* and 


*11 ^ **14 = '^■ 


(l.l.B) 


Thia aquation rolatea the traneforMatian ooefflolitiita to tbt relative velocity 
of the tifo frames^ aod with eq. ( 1*1 *e) deteneiaea the tranBfotutatiaQa, ¥e 
first note that for avitiDti along the nutaal x oxea opiy the i opd t eoor- 
dinataa tap he nixed withaat inc^oP0iBteaDite arieing apd ho the relation 




x| t if 


"1 - -4 - -1 - -4 

givoBf on equating ooefficieotmt 

*11 ^ *41 “ ^ 

"14 * ^ 

"ll"l 4 “ 41*44 * ° 


wbloh ia Juat eq* (l^l*s) vriitea oat explicitly for tii* caae. 


If w« eall the velocity pareinjeter V ^ 




SPECIAL EHJITTVTTT ANt> ADCEI^^RATlONS 


•0 that 


of 



( 1 . 1 . 10 ) 




(1.1.11) 


t - 

JTT^^ 

Mhioh ofo tbo faailior LoirvntE 


¥« aitia that on^ qujiiitlty 


£gt ^ 

U ^ 


hAi the BB*e tMiMrical vhIu* Id any i-nerttal fraiie an4 la thui an iiwnflaDt* 
Tha quantity tranfllorndii aoeardliig ta 

£St' = A ^!a^ 

y. V 

an A ia the prototype four-vector i Ito lenjErth ie the prototype inrariflat. 

Ca&aiOer a particle at rest in one fraae- Over lany interval of tiis# ftr Ita 
spatial ocordiiiates in that froow Oo not change 

In any other froao oovlog with veloeity T nl&ng the le aiei the parti do 
moves m d£stance iu tioe and sc 

Ax" - 


e* At^ =--0^ At^ 


-7Y = T an^ so 
At 


it 




\'i 




(1.1.13) 


Vbwe Sfl la the pmpar tlwe interral: tbo tiae Interaal eUpa«d in the a^a- 
tra of «iaa of tbi: partlole. Ihia la the fa™oua fonaiila for tia# dilation. 
Tl)*e (bh awBaured with roal atendBri] oloelca) «lapaeB atoro qnlchly la ths Inbo— 
ratory front than in tha raat frame of a higli energy partiola paBaiutg through 
th«.^ Lahoratory. 

The ifl.Be result con he ohtiiJ.n-e*3 at ooeo fros eqi if we note ttmt the 

■ coordinate a&es not oho^io in the foet frame. 'fbe recipe Is qttlte unulii- 
fUoDS: tlie mean life of a partlclo nevljig with reopcct to an ohscrver Is 



mA\ i*tm im and wjshyuy 




grentAr than the menn Ilf« of nu it^etiticial particle At feat with reape^t to 
the chBerrer 


at' = 



£* 



if ii a= 0 111 ^hiah cane At lii the pz^per tine izrtenral At ,, 


Soppose that at time a high energy partiAie papae# through a catna- 

ter nt x’^ = s^O , The firing ef the Douater •cchQBtitntea sr event. Later 
the particle paeeea through a sacend counter and ^eciare in it. The eliffijlta- 

ncoQi firing qf the »ei;ond cnnnter antf tb# diecay of the porticla coDetltuie a 

eecond event. Thle event alee occurs at x'vO in the particle frame^ but 

flt tloe t'- In the ioheratery frene It acctira at t, t* Then 




X - vt 



t- 



X ■ irt 



In tijw the point x^Q hoe moral) hn^ a {lietiuica in the particle 

reei frame* llii? dietanca meaHiired in the particle rest tr^mc hetween the two 
counters is thus 

, i ^T* 

* = J 

This is th& LArantie contract 1 on^ uhich la hovwor not susceptible to ineainire^ 
mant ill the direct way the tliae dilation la. 


We pov dafins any qiuaittity with four ooiq^neatB V ^ which are nixed together 

U 

under the Lorentx iranaformatiens according to 



pv y 


(la.in) 


to be a four-vector. 


Then 

V' - a a V V ■ 
ii 11 UP p Q 


V 

V 


using eq^ (1*1 + B)+ The length of any four-vector ia an Invariant. If we 

have two different fonr-vectore the analogue of the Boalar product of two 
ordinary vectors la 
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B'' = b a A B ^ A B 

M. |J |4P ua p CF V y 
and li ftieo nn iiTVArlKOit. 

Tliua in spefiinl nlativity ve tim sep iit unca tl^at the qtiantitiPA [k^ ~J 
ooiie~titute a fatir alnoa 


k - X - tut 

MU*t he an invariunt. 7111 § at once os the ralativlatic 1>op|3i«r «fffrct. 


!nfa havfr nat daDan-etriitt^d that t^h? aquatianp af eleati^amaxiiatlas are Lorents 
c:<}VBj^iant (we ahall da this In CbapIrPr ^ ■ for a cqnrantional treoHKnt so« 
ref, [l]) hut we m,y do^fino fie Ida vlaloh are four-veotara four- 

ff^larp tbareforo interoirtod in the effeota of differential 

operatorp on theae fields. We oaiglii oxpact that tho four ^uantitieB 


as 


mke up a faur-Toetor. Ve maj vrite 

ae' e& 


ax' &l. 


V ^1 


(1.1,14) 


To «vnlunte the ijukiitity ve need tlie inverse til 




(1.1.S) 


Multiply theae four njuutioKia hy the appropriate 
represeuted hy 


and alnce 

and 

Then 




9 a x 
tip |iV V 


a a =3 ■& 

tiV pv 


dx 



ML - ^ 


□nd add -■ 


(1.1.a) 


thlfl la 


(1,1.10) 

( 1 . 1 . 10 ) 

fl.l.l?) 


and the four quontitiei 
of the form 


as/ax^ 


la thna L^rantx oovqriaat. 


do indeDd valre up a fuDr-v-eotar i 



an equatiaii 


(1.1.IS) 



mAvn/\nm im YtELATTvm 


& 


Sinilnrljr w nlgbi «ii^ct iV /Bi ta Imraflant, ¥rito 

?■ ^ 


9 ^' 5 » 


K K'-^ 


^ tv '"v) 


3V a<iT 

, _i! _a 


av av 

y V 

‘it ^1* HL 

>hj \ip Sip Si^ 

•ntJ kni3««a liflTe nn iirriiripct^ An equHtina nf fortt 

K ‘ ‘ 

id Lorenti cdThriantf 




(1,1,20) 


Eiifiilarlj^ It Id easj t& dbw tbflt 




S 


id D doaloT fldltf anO 


!■ a tonr-^ctoj" flald* 


Tha invariant oiwratar 


h h 
Si , Si 


v2_X Ji 

St® 


(1.1.sa} 


id tb* l^aiiarHllJuttlan af tli« Lsplaqian and ii e&llaO tba D'Alenbartian o|i«ra^ 
tQF, fr«E{i£«atIjr danatafl bj ^ 


If i^e accapt tbat tita eqnationa df aloctrasMAPatidm arc true far all n^aarvars 
in inertial fraaci and arc Lor ante covorioctf then eltber w mat diaear^ the 
principle of relatlTlty^ or tbe cqnationa of particlo BecbAnici miai; aloe be 
Lorantz covarioDt. jSovton'a lewa rto ijoTariant with reject to the Galilean 
trancfonutlau and fluat therefore be ■odificQ If the pi-lncipla of relativity 
ii to hold^ 


Since the proper tiBi T elapood In the reat fraioB of a particle im an Inva- 
riant, the qOi^titiea dx^/d'r (where are tba e-aordliiateB of that parti¬ 

cle Id any ioartial fraae) farm & four-vaetor. If a pariicLe la aovitig 
olowlyi T'-'t and the firet three cOB^neqta becono the velocity^ We May 
therefore oall thla quantity the foor-^Telocity. A pecand difforentlBticn 
provides us with a further four-vector, the faur-fto eel oration d^a^/dv^- 

Holtlply the fonr-^velocity by an invariant quentlty vrlth the dinsnelona of 
MBBH and VC obtain a four-vector which fri called the fovr-iqonen.tiM 
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» ^ 

^ m i 

0 a.T 


{1*1.23) 


For olov OMtion ttao first three C 0 ii]iaaeiit« nay Ipe identified ^ib tbe looBieiitiiiii 
in Nevtanien 
1 port idee 


in Nevtanian ■eohnnice, -which !■ caDeerved^ Slope ie a four—vect<OT, for 


I. 


~ i. “i* *’y, “iw - ■ (1.1.33) 

t * i * i * 

■s* 

If the fonr^moDentnn im oonserred for any oheerrer in on Inertial fruet It 1* 
coneei-Fed for all euch obserrerfi* he smy In t«rne of the v^ele^ 

city of the partial# v in any siTren inertial frame 3 

dx dx. 


" % dij dT 


(1.1.24) 


where = lot end 


thus ohtBindog 


It , JlT 




S T 


1 »- 


£ 

If ve define p. v 1~ then 
4 c 

E 




' t £ 
V - ^3 


ic 

1 


+ in .. 


(1.1*25) 


(la.a®) 


in the Idv veiocity limit. The Inplioation of these eqnotioni is that energy 
has an inertial mee find cotErereely ihat Inartiai Base la a vanife station of 
ener^i the twa heing linked by the t-elatidn E ^ no^ . The analo^a of 
Noifton'a lave id tlma 


^ dT^ 


iui.m 


whore F is a four--force. 
1^ 


The invariant qiumtity * the propW naia* ia i^iven by the oquar* of the 
four-wnejituB 


dx daf 

p p ^ 

^ 11 o dT dT 


0 


or 


? ^ 

p 


.*2 B* 


{1.1,3S) 


(1.1,29) 


V« my note that since the iiqware of a four-vactar ii an Inmiriant, only three 
of the conipoTiente ors imlependonit. In particular, if 
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UlBt] 


dp 


dt 




If ve dhoosit iinit* wa^ tliit t: & 1 


wh&i*^ 
thrfin £ ^ Et and 


So 


dp dv d£ 

dt “ dt ^ dt ' 

dv 

I -vx.F = E^ 


( 1 . 1 .») 


and 00 




(1.1.31) 


A pftTtiol# ^asedL to o cuinfltAnt foroe in tiie laboraiar^ oficolorst«fi leot and 
leoB ao the epeed builds upp 


1*2 Sp*o4ifl-l .r_el.ptLiy-ity and ftcceleratioiio 

In Bceepting hath the principle of relativity and the LorentK tran&for- 
Dwtione vbicb were eoalirlned within It by EitioteJiii our ndtionji of tha proper¬ 
ties of space and.ttiM hjive bean changed^ Alou^ with tteAe ckuinges go changes 
In onr notiona pf the properties of velocity^ aoeelorntlonp forces mamen- 

tm and energy^ EVery oxperlawni in particle pbyeice, conducteil at energies 
significantly ^eater thAn the rest mass energies of the pertiolas involved^ 
bear* vitneaa to the applicability of the torente tronofn nut ions to the lawe 
of mecimnice. Indeed particle physics telia u mre. The teotativoly 
constructed bypotheees cancoming the internet ions of the dentxons oC the 

■HI 3S- 

alcmpcopic world are all UTltten jo ns to be covariant nodor the Lorcnti 
trausfonutionsi and onbody quontiun BPchanics aa will AM special relativity* 

The full range oonrtaina quantiiiB elootrodynafflics (the Esost precisoly oheoked 
of ail physical theoriep)^ the thanry of the weak iiiteractloiia reipooelMc for 
Pwdacay, Innuatrable field dieariea of greater or lesser phyiibol aigiiificaiice, 
the S-^tutrix 4 b script ion of the atrong interact Iona which hold ths miolens 

Yf. 

together and oovadays the first stops towards tbeories of the interfiBl strEic- 
ture of the strongly inieractlug particles themselvos^ S^where ia there 
evidence that the Lorants tranafonaatiana are not applicahlOi oven vhen dealing 
with particles whose energies are hundreds of tines their r^st sitass (protons 
at the Ferui National Accelerator Laboratary ni Batavia, lllinolsl or tana of 
thousands of rant Butsaes (tlectrons from the linear aceolerator at Stanford^ 
California). 
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1T10 Lor^ntic transformationA link the ctju^T^iTmtea at « iiv«¥i VTflnrt a* troD 

two diff«raiit iiurtial framen of rvfartjDCA. Wff already flafiHAd an InnrtinL 
irnma at refaraiioa as ahe in whic^ a t«at furtlole wov^a witb ooiaatant 
ty HQlcBB Bef.fld on by a forciai if we wialb to ba plctwreeque we may op*rB- 
tlowlly flofliiK Bn tnartial frai»* of rwterenca bb one in vbicli It in poBiiblo 
to play three OiBenoional biLIlar^i:* 

A frame of raferenca wM«li la being Bcoelarat*d by rockets firing in elaarly 
not Bn inertial ffaidO. Till a ban glTsn rarreccy to tbs erronoonB tiotinU tbit 
apooi&L relatii^^ity in Incapable of diBcnHaing tht lava of phyaiciB oxpAri«nced 
hy Bcceleint^d; obserrerE, This idea Is wfaolly inoorroat: irlthtn the poato- 
lateB af ^oelal relativity wo Lavo an uneabignona refcip* for diaenatli^ aiicb 
observers, Tbo omclal point is that ipacs win tine interval# Ai owaanred 
by different obaarverfl depiend only on rolativs velocity and not on aocalora- 
tloiK fbia la bFiiilt in to tbe defioitlBna of fonr-velodity and four™ 
acetLeretion on oovarfant equations of smtlDn involving Bficelarfltions 

are nanstryctod. TbuE while aeoeloration oay break a given eleoh, tba rate 
ot wbicb timt Dlapoes on a movinit particle differp from the rate at idiiAb 
iBborotpi^ tine b lapses by a factor depeniding only on the valoolty and not on 
the acceleratinn* The oppl inability of Lorentx covariBnt equations of Dot ion 
to pbyoiee already reveals tbio« 

iTie misoonceptidu that special relntivity is helpleBa in the face of ocoeler*- 
tionp Bvleea moPt poignantly in ib# id^coLled twin paradox. Castor is an 
ostronnnt and vlsit« a sultobly diataul star, say Sirins, and rotums. Hie 
Journey la made at vsry high copfltant velocity, Apart from brief periods of 
pccel oration I with reopBot to his brotIjpT Pollux who reMlnp at Storbase sone- 
vhere near Plnto^ Ve Boy Infer that on arriving bowe Costor finds bis ebrono- 
Beter reglsterB eoBO 30 yrarp leas clapsod time than the identical one in ^nce 
Control and that his brother bae aged sdcj* ^ yeare aor# than bo* An altema- 
tive icenario allcws CAatOT to Badelerato At & reaoonahle roto, aoy I g f for 
half his jonmey, tuns hie epaceorBft round and decelerate for the rctnaining 
half, the return trip being accompLlsbed In like Banneri The reeult ii osean- 

iially ihe eiime. 

Tboso rosnlta are derived in the folIowlDg wnyi Ppllnx uses the apeeisl 
relativistic fonnuls for tiM dilation, whicb depends only on the relative 
velocity, to work ont hair inich Blower Castor's proper titoe is oldpaiiiBk ^e 
ie In on inertial frane nnd hnowe that if ^ecial relativity is carrect 
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castor'fl cL^ckfi kec^piog "ths a^e tirns with til an initantaneduely 

cwooving fraiD9 nm lila would kaqi If aubjeot^it to CflOtarVs odcelurDtlodi,, 40 
eaeia froa the cooiDVLrijt franie. Be icbh ^ experioento vitli mKh clocks ond 
finds that for acooleratioiui tolerabl# to hnmonA 4 properly coastructed elock 
nteoBuj^es tine iodepepdently of its accelerotioD (altliough of course not 
poDdently of the velocity) ^ ^llu thus orriiras si bu imanfaiguauH acowor to 
the problem of relntlF* ogeiog. 

Castor hovoror cacaot directly apply the forntnlae of apediol relatlTlty be- 
cocoe he has been accolerated o^sr parti: of bis jonxtiey - and he knova 

it because Id sdiliilda to cloehs ha is aipiLppad with accelerometers^ fbese 
accelaretiena remove th-e eymetry between the two observers that would other-'^ 
wine preoiucle 0 differential igeing^ but they do oo-t affect the proper rote of 
the Bocelereted elackp« Castor can apply the formulae of ipeoial relativity 
provided that be tsfaea account of the fact that during the peripdi of Hccelare- 
tion he was contlnuousLy chongiGg hi a own inataDtanoDua Inertial fraao. 

The twins could have worked out togethor the recipe for doing this before 
Castor ever left Btarfaase. Tb« conitruclion of such a rule took is of 
course depuDdent on space-time trana format ions of relot ivliy {luaianioneausly) 
Dot dspooding on bc cel oral ions $ from the paint of view of on ohserver in on 
inertial franc acdclBration mfly te ioterpreted bb tho annelerated syotan thaag- 
Log inertial frames and it moy he tracked by a oontlmiously changing Loreotz 
troDsfomation^ This Interpretatloii Is ia|ilicit in the dasoriptloD of the 
physics of systans involving accelerations in toims of Lorontx covariant eqiio- 
tioDS of notloD ? a d«sorlptloD which is suocossfuL both at very high velocity 
and si enormous acceleration^ The relatlviatic definitiana of ODergy and 
■ementus (1^1,22) hold at enoriBaua acoeloration ; the ic^licatinii is that the 
relatlviatic definitions of spaoe-tlBe interval a also hold at anormoua aocel- 
aratloD» 


It xs instrnctive to work out the accelerations lovolvod in quite ordinary 
physical lystcms which arc well understood in terns of epsciaL relativity. 


(1) Atonic and nucley struEture 

(a] In a bylh’ogfln oton the rata of chaiige of velopity ^ of OD electrau is 






h* 


Qq piuttiiij in noiberf tbia sooelaratiDn la found to be 


( 1 . 2 . 1 ) 

(■me 



fiHlClAL HEtArnTTY AS^ ACCEjm^HaNS 


i;) 


velocity of the electron Lo 2 ?£ tm o ^ ajri tho orbital periotl la 
- 10“^^ a.) 

Tha preoioe teola et qimatuD} elootro^iyn^DlcG oorrioA out for tbe byl^ofeo aioB 
yiald A^eoBont beiiieoii theory and m^^vuiTWi£n.t a Iwal of aroimd 5 port? in 
10* for the l^idi Shift and 5 parte in lo“ for li>pflrfiao aplittii^ [3]. 

(b) t^ler the hooding of olectrod# in otojBOT vo Day inelo^o o fiirthor offootr 
the ThoMo proceOBlon of electron apin. An elactroa weaving throimh the olec-. 
trootfltio field qf flU atoolc nnoleno e^cperienoe# in lt« inotantoneDue reet 
frasw a magnetic field vtiiob intoToctp irith th# BagDetic BOBent of the alec- 
tx^D and cfttjoea a proooaolon of the epin, The preetfleion frequency colou--^ 
lated in the cowj^idg frcae ts twice that ahserrail in the latjoretof^. The 
reaaon ia the exieteiioe of a tono doe entlroiy to j^eoiol relotirity and orot 
due to any partioular interactlofi, the Tbomae preceiaion. In the deal- 
claaalcal calculation of the olactron spin procaeaionk the torque and the 
preceasian rate are eraluBted in the inatantBueqya raat fra™ of the electron. 
The iuetantanoous rest frame ia ho’WtfTor preoeoeiag with roapert to the lahora^ 
tory frMBB in ^ioh the unolaua ia at reat, hy an arnuunt that cbh be oalonla^ 
t^d straight forwardly froB ipeoiul relativity [4^ The craluation of the 
proce»Rion rate in the tnetantaneciialy oonoving inertial franc of the electron, 
pint the traueformatlon haoh to the laboratory uaing the Ijorentc tronsfornifl- 
iona glvee the right an over for the net procession obaerved in the laboretory, 
ond HpreoveFt bb It inieti agrece itfith thfl answer obtained froB the Pirac equa¬ 
tion [b 1 in which the Loteractiop of a apin f particle with an olectroDogpctio 
field ia written th en eapllcitly Lorentz coTartant woy- The ecoelaratlon ao 
obeenred in the laboratory la again — lO^caia™^^ 


^e) Nucleona in a micleuft. 

Naelcans tp a nucleus ire eonfildti) iritli c» hy tli« itrong intmiatlaHJi. 


Their muuHintuD ifl giveo by the uncertainty prinaiple 

h 

p-'h 


(1.2,2) 


oo their voldcity la The floceleratlun they esperience Lb thui 

Iff** oaa'^®. Bound ayoteme provide very large aceelerationa over large time 


ecalea« 


{2} Colli a ion nbenometia 

(a) In alaatlc Boottering thronih the stroiig interactiona a particle toevlnii 
with TeloisUy ** o ca?n ciprerienoe d change of velocity of iiingiiitudo due 
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tp fQTd^p vith a roog# pf Iflifl thui ea . Thm dcc«lBration e^iperiepcred 

is thus 


Tpptp pf qpBbtoo «lcctToA^?iiHttileii witli CAllidlnfi h#Hi« df filfr&tronA pf 
aeTcrsl GpV abav op br&ak4own at traOsfers tiorreBpaOdidg tp (tidiancp-D 

^ Qjp ^ heEice ppc-Bl eratipna (fpT QI3^ BE^ttering-) ^ 10^^ ch a™^ Cfili- 


(b) IeI iitiP brenaatTabliiilllf pmcPpp ah b| BP Iron radiatPa a photiin aa tbp 

remit of prc^lerwtipii in the fitld of pm ptp^tr oupIbub, ThB cliaiigB in 

▼dlocity in mrh o proresp ia e^/E far an Blcotrau. eoargn^ £, Oorraapoa^ 

^ r 

ins ^ ® chmige O# rnKm^ntw m^c ^ Tbla tf^es 4 tiqw At ^ ^ vherE r is 
tbft diflftance of clopost approach and 


So that 


At 


At 


D O' 

e 


{1.2,3) 


vhitrh for Z = 1 la fltct and for K ^ lOD la 10"“^ soca . For 

eleiitradB pf OQarg^ 1 , At ^ 10" OB ^ and tht isaan accaleratlon li {only} 

i0*“ CB d-^ , 


Coll Ilian phanon-ena provide Tery high BPcaleratioiiE but ably for vary dl^rl 
perioda. 


(3) ^rtiolc doreleratpra 

The oooeleratf ons we enrountar bPrc ara loss itupre salvo ^ but are pf later eat 
■inco if our Lorentss corariBut Inwsi of phydicp hrolce ilovn at high aocelera- 
tipDd uur accelimtprfl would not wrlc* Hao fact that thiy do work howorsr le 
no proc iio vorificotion o f L^reutz cpViii-iDni pbyEioa because acC el era tars are 
tiinad to work and bre^down of Lorent^t covarioni pbyslPi belorii the Level 
would probably be tiinad out. A few ejcanploi will mffi<Le ; 

(a) Protons eEcelerated in the proton synebroirpllff at Q£RN or Brookhsven 
reach an energy *^30 GeV (~ 30 tlowe their reit nan cpcrgy) in ^ 1 ■ « S^ince 
the ind valpcity is c tha aeon acceleration ia ^ Z X 10^®cafl.a“^, and since 
the particles actually experimce tb* accelerating electric fielda fpr ^ 
of tb# aocelerdtidd cyole^ the prak dccaleratipns are ^10 ias.a”^p The pro-^ 
toUd move in tirculBr prblta c-ouEtrained by magnet!s fields and of radius 
■^10* fern sd nt full energy the dfeoeleration uomsl to th* jiotion Is ^ CB a""^. 
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(b) ELectrone acctlorateil itt the SiAntnr^ li&oar accel^rntor surf rid* the 
electric field* of n^bves trsFelliiiH in fi woveguide* The iravegLiide is ioinl*i! 
in *iiflh a nmy that ihe velocity of tbe irwelllng electric field olvoys BatebOE 
ib,e velocity of the aocoleroted electrcs^ oh c-oloiilsted from, tho o^uatioOiB of 
Epeeiol rolotivity (1*1,The aocelcroLEir ^lorkst eUctrotia etaorgiog After 
titfc ■iloe in the iabamt^ry have on energy ol ^ X ID* tiB** the roit n^aa 
energy nud o velocity equdl to o ■within quo part in 10®, The velocity hns 

been explicitly qheolred nt the level of a few port* in 10^^ tlL 

In vlein of theae one^eeBOA of Kpcclnl relotivlty ip aeacribing: phyeico at 
■EnarmpUfl ACoeloret-ionB we Aioy confidently predict thot an accfil&rflted clock 
ruDB Blow with reopflct tn on ujoaocolor b ted clDeh hy on amoimt given by eqna- 
tion ThJo effect hoo been directly uteairured with the CEBN muon 

itt or age ring. 

The QBinn ia 0 portiola of inaBB tOB,T MeV/n^ (SOfi.S oloctron mnSBeii) which 
Appears to behave in all reBpnctB liho o heavy #loctron. !□ pnrticylar the 
oleotroBiagDetic interactions of the pbjou follow q^unntiin elBctrodyiuiiftloi dawn 
to the «mnilest di*ionc«S PO for probed experimentally 10"^* caa) , otld at 
thi* level it ia Ailll behaving like the point cbnrge of q ED* fiecauao the 
ittuon is 3 iwro Mioflive than the electmOf it iMy decoy through the weak. Lntor— 
nctiona into on cleotrop and two iieuirin.oi ond it haB n proper lifetimE 
T = 2^2 >£ Itr* i , The rate of decoy Of o point-like pBriicle would appoor to 
provide oa ideal olookz within our knowledge of the weak interaotlone there 
are no Internal wrkinge t* be affected hy acceleration nnd a poinWtke parti¬ 
cle eon be ftis-igned (idBiantanoonely) e aingl* coBovtng Inertial frames (Tbie 
la not the cose fdr an exlondod gyatem; see Cbipter 9*) 

III the C£llhi g-2 o^orlnent muonH wor* injected into o ring of 5™ diimetsr 
And coastraitied to approxliantely circular orhlta by a mogneiio field of Just 
over 3-T kg. The ohject of the oxporiineqt wob b procioion meaBuriisitoJit of the 
MOgnctic noBcnt of Iho Buon hnt tihn lifotlBJe O'f the orbiting puoas WB|B H 
highly Intercfiting byproduct * The tboBDcn-tuii of the etnred mone tiwp 
1.27 GoV/c , their energy ^12 rert passeE, If the rote at which tine clap- 
sea la the o ccclerated uunn res t frase t a indoed iodepondent cf the oc cel era- 
tiodt tho iLfotlDC obBcrvetf la the lahomt^ry aluiuid bo 

r[i T . 


26 )jsec instead of 2.2 libbo . 
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CHAVTTATION AMI RELATIVITY 


Thfr mUDUfi were tmEtcd dYfr 150 more than 10° r«voiutloa^, Thw 

Xifet1» neaflured iu the lahorotory ¥*8 fauntl t >0 he 26*3^7 ± 0.E36 eet* to he 
FontpereO with the Calculated ralue af 2fi.6W The dlFcrepaqiiry ttgreee 

with the eetiimied effects ef nwen lofiaee id the ceurae of th# orhiting- 
The labornt^ry ecceler&tion of iho imiotie wde X lO^^cnfl”^, Thii work 
thus provided the e^tperiaefitjil courp do uroce to the ioterminahle tvin pata- 
doi (which is dead but wonU lie dovtij^ 

Loreatz cqvDriaut lavs of |ihyeicfl Koirk heoiitifuller oot only at velooltiice 
which are within one part in 10^ cf Ihal of but el sa at accelerations 

in excefis of 10^° to s HosSi^ en*r|{y, [uifieEiiuia and velocity are all 

(iDatantaneaiifily) «oo«l«rattorii irtdcpetidont^ Electric and pagnatic fielda not 
on an aoeelerntin|^ partlolt according to preHeriptiaii and we have direct 
expert mental evidence that the rate at which proper tlpe elapses Is aocelorn- 
tion iqdfipendeiit. 

Ihap If ve want to ifork out the phyaico nf an ecDelnrBted lahoratory-i ns seen 
hy OP obporris^r in that lahorntnry, all ve hare to do is to work out the 
phystce In e ^^iven loertiai frame and then transfona to the ItietantaBcaualy 
oocHPvlng froine to find what our aoeelerated nhsarver will JnetntilnnetAisly see. 
Thin of cmiree la exactly vhnt i« dope to dlP’EiiAa the phyaiOB of Bcoeieraied 
laborAto-rleB vithln the fronevork of Novtonian physios nnd IcndE to -the 
iniroduciiati of csatrlfn^l and corialii forces. Ve uust however use LorvntK 
coveriBpt phyBical lavs nod the Zjorents trimafQrttm.tiana, at leant if w-p nre 
fitudyins any phenomena inVolvji!||; hi^h valanlti«s^ Ve nuat also recognise 
that in addition to the coniinaous Crtmaitinn botveep campTip^ froDes that 
necurs iP nc cel oration, for extended myot^ias different parts may he in differ¬ 
ent enmovin^ framee. It is the fi,itiii|C tofether of all tboBc djfferejkt eoaaVw 
Ep^ frwiwe as a futiciioti of apace and time coordinates that canalitutea the 
generalisation of Bpecial relativity into general relativity. Btit geperal 

-£S- 

relativity alaa embodies e theory of gravity. Ve havs* not aientEoncd gravity 
si all yet, because ve have not so for attempted to write down Lorentr cova- 
rlanl Laws of gravitation, 

1 * 3 Aoealerntion and araTltv 

Phyaical theories embedded In spa eini relatiTity tOTTOotly deacrlbs 
physical syatemH even at epormona neceleriitionB, pravided one is carcfml to 
view ih^Se ayatema from on ipertial frnmo af reference, in vhith aocfflcronetcra 
read *ero and thr?e djmeitsianai hill lards enn be played, A physiciot in an 



SPBCIAI. REUkTTVin’ Af® AC^eELmiTICINS 


17 


^cmvifirD-tatl labDrat>43ry kiiovB he |{i b«ic£ Acc^cldroted, b*CDy«t tilfl uccftlera— 
ne-terB (Sa not r*ad s^ifrro ftnd he oArujoi pl^J' three (^iiiieuAioEliil hilliurdB. H» 
cunpcit uae tli# Lar«QL£ irnil efomul tli^nc vitbeut Jfiippl&ioeiitiiig IhniL with rul«S 
tor lakLUi at bln edfltliniDMCly changinf lli«rtiiil friuaiQ. 

Suppaae hdl^BVar thlfl pbysielB-t la aoceierotiDjc io □ grATitatlonal nnder 

Ired fall. Eli a<?celi^ro3Qtitere reodl zera and he eon play tbj'ee Oimensloiial 
hilliarda, CfMvity hAic m ain^gdlar property — or at least a praperty that 
BeeAB Hiogular to A phyelciflt Mostly brougtt up on the phyilos of eleotroiwg- 
nstiBm AQd Mlructuras held together hy eleALrornDgaalie farcoa. Ehrerytbing iw 
accelerated iA a srarltstlonal fl«ld At the mbm^ retep ntld opasequently in U 
Bmall laboratory id froo fall there l& no intenml way of detecting tho fttoel-*^ 
erstloa. Thla ii dov a Hwtter of eoimoii e^p«ri«iico^ at Isaat seen tlirough 
th« floric glenn of the toLerlsio^ scroei?^. Convoraelyi e phyaicist 1 b a lAbore-^ 
tory vi%h ab ncEelerometer (for oacaiiLplo, o inass on s EpriBg) reading Ig han 
Do intomal way of telltiiif whether his lohoratory is at rest oti the stirfAco of 
the oartfa or being blsetod (hy slleut and vibrotion free etigidos) beyond the 
orbit of Jupttor* Cirawity thus haa a siiigiil«r link with acoelerutioa ond 
inertis — or pertiapo we ahoulfl put it the other way around aod say that Aooel- 
erstioii odd iBirtiB are intiMtoly linked with groTitatioo, 

These siotovants are hseed ad Newtao'a Iowa, appropriate to low velocity 
phedaokena, and the E2}tir6^B--DiAke aiqieriBiaiitfl whhch hare fsilad to dot«ct any 
Oifferedtisl gravitatJodai acceleration of dUforCdt obJeG-fcOi at an aOturocy 
« one part la («e* Chapter s)* (The exporlonces of aetrenaoiB, 

though etiomiutiiig, do not CDnAtltntc any vary pruciso tost of this ptatoBedt,) 
Since ve are concerned with gruvitAtion and rulatiwity^ we ahoald in¥estigato 
whether this principle of eqiiliraL«iic€ will hold for high welqoitiea toq, Ihe 
highest velocity avniluble la o ^ su wo o^camine ihe effoctu of both gravity 
and BcoeierutianB, of the bind pruihiEad by rocket b, oil lighti- 

Wo will consider firnt an accol«raticig rocket^ id which the uocelerution a is 
opt too dif£«r#nt from g t Ji^at to keop things sij^Lc. There are tvo probleOB 
we will wDrk out to first erdpr In the acoelerntiDD: the frequency ahlft of 
light dye to accolurutiun and the departnre of light fruai reoiillReiLF propaga^ 
tiojih 

Light |B emitted froD u soiircA in tlia nose of the rocket at tine t=0« bb 
measured In the frujue cotHoviug with th* upse at thiB idstaat* It hcadg 



19 


xm EELATmiY 


tav&rdfl the tall of the j, 

rocket viih ceutnat roleeity 
e in thip lane fraae. Be- 
cause the rookrt aceelere- 
tiugf in tliK t it [>iekp Up 
4 Tvloelt^ vftli respect tu 
this oriffiiial frane nt ut p u 

and trnvele u dietnune 

J — tfatee Newtaniein 
prepeione are quite adequate 
fur the lu^r changeu of relo^ 


/K 


nzr 

1 = 0, v=0 

Fig. 1,3.1 



bity inrolTed. If the distance hotveen the eonrce ani;! FuceiTor la h, the 
tine talcen to tm^ree tlila diut&acu at vaLuutty t i» t ^ — and heact the 
velocity of the receiver with respeot to the frane in lAluh the mittar nns 
{natantooeoualy at reat iu opproxinaicly ^ at the Inatant the liglit ia 
received (gee Flf. The frequency of the light in tho tonoving recei¬ 

ver frafiM? la thus Doppler «$iifted on reception at tha tall of the roisicet by an 


mauuut 



(1*^.1) 


Currartiona due to the path travelled In the emlBalon frua&a baiug alightlj 
leaa than h r Lurentz contraction nuia tine dilation are all aecpnC order iu 
HDalL quantitiea^ If the acoelerntlon a la g and h la 10n , than 

(i.l.a) 

In a quontuia pictnra the aaine re unit of conrae ohtalna beconae the tranaforpa- 
tlona fur energy and frequeuey are tho eeBOi both aaergy and frequency trana^ 
furn aa the fourth coispofient of o fonr-^-Teotor, 


V 


Next conalder m hems of light enitted at right ongloi to the acceleration In 
the appropriate iuatantaneoua ooDoving frane. In this frame it travela in a 
straight line vlth velocity c . covering n distnneo ix ^ chi in ti« At. 
in thia time hovever tha ruckat haa udvnacaii a diatauce 

Ay = * fl.3.^) 

If the light if to |>B£a through n a«t of huloa in the roeket structuro at 
vnricua Lx^ the bolea Bust nut lie on a atraiglit line hut regrass tovarda 
the tail of the rocket alang the pKarahoie (aee 
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^nr 


t=At t = 2At 


Figpl^3p2 The figure illuAtrateB tbe 
p^ulrtllc trajectory ol a jaliotoii In 
the asc^lerating frautf referenea, 
correaponding ta a linear trsjattory 
in B specified In^rtiHl frtuae 


The angle the light hfti 
faecD deflected throng (ee 
suen hy the phyalcist in 
io the apse# nliic-Le) is 
then 



(1.3.4) 


Wr tan apparently say that 
if tha principle of af|ul- 
irslence applies t« light, 
of valocity o | than ia a 
gravitational fi*ld g 
eloctrfHUgnetic waves are 
ahifted in frequency in 
falLim a diatauca h by 

^ = 4 {ua,ft) 

V 


and light ia deflected thrcngb so angle 



(1.3.6) 


in trsvalLiag s distance iac at right angles to the gravitational acooloratlon* 


We may nov aee how thia ties up vlth on alternative approach in which w# diraot^ 
ly eoaaidar light in a gravitatlonol field, ¥e aeod the prinoipla of equiva¬ 
lence in a ellghtly different fora this tiMe, In Jtpocial relativity the tner- 
tial DBDs of a Byiten (o particle^ atosif light pulse or whatever you like) ia 
equal to its total energy content divided by 0^. A light pulse of energy E 
thus has inertial Besa and if we are right in that It la Indead 

always tbe inertial HBsa tbot lovemi the grnvitntloiiiil lateractinn, then tfaa 
grevitatioual moTgy of a light pulse in a gravitational potential jp mil be 
R 

(p, and it will experience on atcelerntlon - Vqj . 


Tb« sktmantuin picked up eldoways >n travelling a distance at ri|^t anglas 


to tbe field ia thus 


Ap 



and since the isoBentuv is 


E 

c 


the angle af deflection is 


(1,3,7) 



so 


aUVlTATTOV MD HEIATIVITY 


(I.a.a) 

vbicfa agrees iritb t^B repult w oBtdiJi#d by Waidiit^ a rocIcBt wJth pi^}Hr 
acctLerDiion g frum on fnffrtiaL frofii*. 


V« can slsQ get an anevpr for tbe graTltatio'iial fref^ueofiy An atan at- 

f'eat has int-ernal en-ergy E nnd in n gravitatloaaL potential th.ie tiocoBfus 


^’§)' 


We hare coneBrFatlon of «aergy da^ bq for a tTanaitloii betuefin 


ivo levelHf BeparntB-d by in. the abaini^B of a potentialp the photaq -Dnergy 


la £i£ differepce in nnergy hoiweea a phaton e«itted nt a ]iotoii-. 

tial -cpj^ and a photon vlttod at in 





vhioh Dgreea with Popplar htaift argnuenta far an aeeelerating roekot. It 

ift iaportanl to note that tbo argusant ve have Jast conatraeta^ dapendd on 

ODoaervatian of energy and the vaight of binding energy ^ being Bqoal tp 
£ 

Jt ^ - that io, binding onergy hohovoji Lnertially an^ graTitatios^lly Like 
(negative) vasfl. We abali axnaino ike boat evidaane for thia (tha Eatvoi- 
Dioke E^poriiwnti) in Chapter 3- 


1-d HeajSMrcmeiita of the jgrayitfltianal fronneaev ehiit 

Tba gravitational e^flaction of light has not boon ahaerved in the Inhoratoryt 
but the grjkvitatiinuil fretjAEncy pbift haa hotn verified to the lerel neing 

tbo Hbeabauer effect Cfl)* 14*4 ReV photana froii (t s 10”'^ aec) wore 

eoployod, going hath up onO dovn a path of at Harvard, Ths fracrtlonal 

dlffaronte in freqneney batveeD pltatana going up {rad ahift) and pfaotoiu cod Lug 
dowi (bine ohift) ia time 4,90li dotootad by achieving reBonanoa via 

the Doppler offoots tho aduro# rauel tmvm at a. velaoity of T X ICT"^ m to 
re-Establiah reaoEUinco, The difficulty- of the ’e:ip-BriRent is brnught out by 
doting that the fraotipnal line widths for reooillesB ndisaion^ is 
The RcaaiuroDent uaa in fact made by Inveatigatiug the diffaii^eiice in apymetry 
of the resqnonoe Line OB B function of valoolty Iqr red and bine ihlftod pho- 
toaa* The result obtained i^ea ± 0^0076 of the evpeottd cffoct, the 

error being purely Btattattcalf uitb an additioEuil poaalbLo luicertBiaty of 
^ 0,€i, being -the linear mm of all contributii^ nyatonatio orrors. Hie con— 
olnsiod iB that the gravitational frequency oblft fl,3.0) in veriftod at th# 

1# level [10] . 
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The gra^l tationiJ. redaliift anffersd hy d pfadtan lo lip ii 22^Bia -Lover 

in only 2.5 X Lorger r^djibift? are evailablo irtroiicoiitally, A pbi>- 

ton ancnping ftp™ tb* mm will have ita firdqueiKy ftofl hy an amount 

r -*2 m 2 X 10"** vkile d |ibotdFi efftaping froia □ vbito Avarf of piohb «ii3 

radiTj# ^10*km vould bo riKiiriilfted by 3^5 X 10"*^ Obser^atilgae of th« 
polar tail anil rodibift are ia acoord vltb eipactation und have roaciied 

A procliifui ^ [ll]l- A comparlaan gf Boaiffurad and ex^ecidd rodihift for 
^itg dvarfs roquiro« Ifi addition ta meatfuraBcnt l[wvle%e of tbo uo«s and 
rodlgp of ib*i atari there io agreeaiftot hut the pregiaiga is oiily *“lB5i El2]„ 
The terreatriai MoEshatier oirp^rliognt fa tJiuB lay lor th* na«t preoipe meaeure- 
Hilt of groTitatioanl froqoenny ahift^ the getzi&iioiQl.oaI oidaaurcBeni^^ o1i«E!ic;iii|E 
suro omdaly the first ardor pradictlga for etronger 



1 i 5 l^e jravitatioMi def loot ton of light 

Wiila tbe gravitational aaflaetioii of light ha.n not h«en aioapnred in the laho- 
ratoryi tba daflaotion of Ugiit hy the Sun waa first measured In lpl9 and 
constitutes one-of the great teat a of Binateiu'a theory af gravity | getieTai 
rolativity* We have alrsady vorfced out tho angle light la deflected in going 


Fig, Ihe tronsrarae bmiaantuffl aoiiiilred hy a photafl 

in pasaing the Smi is ealoiilDted hy intagrating the cob^ 
ponent of gravitatlqnal force at right H^glea to the 
approxioately linear trajactary 


■ Hfflall distanoe 5^ through a looallj oonatotit gravitotianiBl field: let ue 
UBB thla reault to calculate the deflection gf light by tho Sun* Because the 
deflection ia very mebII w do not aged to caleulate the orhit but juat calcu¬ 
late the change of Mmentiiai hy integrating the nnraal conponeDt of the force 
along a straight line [FiS' l«S,l), 


no 



(1.5.1) 

(1.5.2) 
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mAVLikutyhi AND mLxnvin 


Bo 


«(!.) 


P 




tta 


(l.B,a) 


The fian, h* hy illff Oblidd’ thfr&TftfflT tor It 

rAprflMCite ioultipLi«d hy lh« futimhl flux Qiit ef ah infinitely Idng 

cylinder of radiue b . Thue 

a<b) , —^ ( 1 .S. 4 ) 


and 


hc^ 

2(1 


0(^5 

for tight freeing the litab of the Sun. 


In thie derive ties wt hoire used the reletiYistlo relation between energy end 

E 

jBciuentiiiii for d photon (or light pulse)« set the force w^uel to —nslpg 

c 

the reletiirletlc relation betmen energy anil inertial aaea, and equated the 
force to the rate of change of toDnentuii. Freoinely the aome on ewer Is ob^ 
toiped hy aesiiBing that light is not obocrved to fa# d«fIeotad s# it psssirs 
across a box free-ly falling in a gravitational field and conBiructiog th# path 
by fitting togetber ouch freely falling boxes, for Ouch boxes art aba erred to- 
be accelerating at o rate 

O^y i *■ il 

^ ^ X 

as safln from outside the solar syit^ and heate, as spec from outbid# the 
solar systsa the light beam has an equation of notion 


(j.B.a) 



0 ^ ‘ ^ 

- 7 — • 


The angle of defleotion is 

dx J 

(1.6,7) 

BO aj(b) = 3^^/ nnos mors. 


Pitting in munbors, ^ 

.w X m* X « f 

G=fl.6TXlCr-* 

ogs units 

crfBg) = 4.345 X l(r* red 



s 0.87B" . 



EbcperinaDtal ohservotiocia ore nil coosistent with a roluo 

a(Hj = l.Tfl" 


tb« value vhicli alHoat evar)^a« kuawa ia predicted by Elnattla'a theory of 
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t|iraii|[b the r«latldQ 


4Gli 



vliiii^h ie tvl-aff NwtQQiaik ralue we have calculated. 


(t.e.B) 


iBonteIIy bean isaeAtfurt^ Ip tw wayH : 

{!) By pfaatoiEzniphiD^ tbt Jtar fjeH nraUPd the Sun A4ring d taial eclipse 
ana meafiuritiA tha di^lacmept pf star Udagea relottve to tboae an platen 
tihlLeii wliea the mAMQ Btara appear in the nijEht aky {at b rerasiv# df snPthB)^ 
The remiltn hti¥e a Apread an -Z-?"' and My he taken ob 

oonpifftopt %ith Qt(B^)gg to vitbin bp citoi- ZSjt [l^]* The pfoblemB Brej 
(a) oheert^atiana *r* limited to q.(>a^) becaiiBe oi ilare fnoB th* eorow, 
(il) total eolipsea do not UBoally enshaj^w abnorvatojriea with big telescopes: 
the dif■frao'tIon isBg^a aiae for b lEj cib iJiEtrusiGtit La *^ 6 X 10 ^ rfid,. (lit) It 
ii necBBiiBry to con^dtf'e AOp&rBt-e plates tatea and developed indiipeDdeQtlyf -at 
dd interTBl of Boise looutha. 

Ln±i|[: haec LIpb Interferonifitry hnn been iiaed to deteraiiiQ thu ohonge In 

the apparent poiitioD in the sky of the duasl^stellBr radio source ^€ 276 

dhripg itp Htifnial dccultation by the Sun. The relative pluiBe of the slgpola 

received by tvn tb din telescope a ia naPitored and oontinnnlly caffipared vltb the 

relative phodd ol the signals rereived froia the quasar ZTl' whioh Is not 

occulted and is 9^6*^ avny fraw 3 C 279 , The wavelengtha tued lia in the 

range ^-Ihos and most bssellmea io the mnga The relativa phaae 

2"^ d 

change far a hasellne d la ^ a so a shift in phase of ppe radian corres¬ 
ponds to ^ uhlcb far iOenn radiatiidii and a Z2 banaline ia ■^10^ 

rad i 3 D a« Moat aieasiarflBwnts have been i-»atriotad to values of tihe io^ct para¬ 
meter becdiia* of refraction Ain to free elactrans ^n the dolmr cdrona, 

Beoauae the refractive index of the vsiar corona la frequency dependant and 
the expected defleotian of radio waves by gravity ia not. simltaueoue imrk at 
tvo or Utopa different frequencies allow a Hnaller impact paraiBeters to be used^ 
While the une of baaeliueE of thousands of kiloBetrea should eventually permit 
the determinatlDti of a(t^) to Very better than Early rosuLta vara 

oposiatedt with vlth armra * It^jt U3L 

The moBt recent analyelB of the dccultatiiDu of 3 C 270 hne yielded ft = ± 

0,93) I obtained vith an interferonoter bBaellde of MSkm tl4l- 
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<mA\lTATrQK AJJD BEurmiT 


IKiaI frtquiocy intdrf^rotaetTy \ukM tktj r^ccartly been Applied to pbtaid the 
KoBt aCPUTflte reontt t« dato [l&]. lD0t«ad of the usual iiuaear ^C3TQ | 
tlLre« bIho^ tp-lii^eer rodlu ii4T;fcreei mru Q-119 + 11, Dlift * QS nud 

0111 The ocic^ted source vet OllO *■ OS and the onter twop l^ng res^ 

ptotively uptl ovfiy on o|;iposite- eideo of the apparent potli of the tfiin^ 

%src obaerF«d to eLialnbto Locul trunaiaut effects. Th^ bosslino vus 35ka 
and the deflflotlDn fdUUEl to be 

a = (1.01& ± O.Dll) _ 

The observations of the deflectloa of •LectnaJkB^netit radietlou ict the aravl- 
tatlanel field of the Sun are thus boautifylly io eocord vith the predictions 
of EiDflteitiVi theory^ mode -'BO yeere o^e, aod totally iuceuaiatfeiit with the 
value celcuieted by sugwutinfi Nevioniaa gravity vith iBaae-energy Equivalence^ 
In Bost of our subsequent work va alioll ussuue that the deftaction of Itght is 
twice tho Kcwtonian valua^ 


1^0 Aa apparegt pargdoB: 

V« have arrived at a ajtuBtloo in which our sinple calculatioaft ore oat only 
■t Variance with obaonratiou but lead to Ap^rently parndoxicbl conolusiods. 
Vfs have caleulgted both the gravitational redshlft and tbo deflectiuti nf 
by the Slid in two different ways t by using K^ewtonion gravity augmented by 
maa-energy equivalecLCB and by using th* equivolsDce of effect of a grovita- 
tiunal field: and an Bcoelervtion* Both nothoda far each pbeiuuneiioii, 

but while wp gat an answer in accord with experiitteDt far the firet effectp 
redahifti we are wrong by a factor nf two for the gravitational deflection of 
lightp The observed value for tho deflectian of light suggests that while rd 
gravitational redshift is observed in u box in free fall^ li^t will be curved 
by an anount depending on the Local gruvitationnl fields violating the princi¬ 
ple of equivalence* Everyone hue b&eu told however that gsnoral relativity 
is founded on the principle of equivaieure and yields both 


^ gh , . 

V" 

statoiients we have found to be apparently Ncospotibls* 


Ve Can aee a poseible way out nf the paradajt preaented by our ufliog Nevtonian 
gravitation to ooiqpute succeegfULIy the energy change of a photon in a gravi¬ 
tational field and uasuccessfuLIy tn coE^mte the deflection in the solar gravi¬ 
tational field4. The cciqienefil cf force we integrated to give tb# deflection 
of the photon was at right angle* to the loatiuD* If gravity previdoa on 
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addii-iatlfil force- vt right- angle-i th^ notion which it ^uel to tbe 

Slow~tCEiiBn faro# for i ooCl CEgligifalo for 'T -IE c ^ then liil$ roOLilt lir 

O^licoblo faooause ^ fOTC« at right &agl«g to the mptian [fofB an worit and 
heq.ce -c-etitiDt chongo the mrr'g;y« The flntioo of a oboTge^ poxtiolo in o mdgne- 

tio field pra^idoo an exjuj^le^ and magooilritn. £b e relativiotio a-fltct of 
eleotrio fieldlE. ¥tr fiball therefore rtOorCh for »De «ort of grevi totioEUll 
omlogne of raagiietiin and leave the appareui Tldlatloq of the prlnciiple of 
M^qivaleDoe nloui], for the time beings ¥e ■hall OERbarli on thte aeu-di in 
Chapter 4, after EUialaing the evidence for the (rqulvalence of inertial oaii 
gravitational me as is Choptar 2 and atud^z^ the relation betveEn elentro- 
biflgn«tl«a and relntiTlty is Cluptar 3* 
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CHAH tR :! 


THE EOTVOS^DICKE EXPERIMENTS 


2*1 GravitatiOTMil ^*1 iacrlinl rottsa 

IT^ Imw far li^en a&iuffliivg tt&t tlna aom-ca of grai^itotloaiil inter- 
AOtiQin is the Lnertial buibb of n lystwi hefaro ue proceEfi further we surt 
exenioe the eviAeoce for ’UjIh, fqr it ii pooflilil# that tbe grai^itetloiifll aais 


M and the inertial m&«3 

« 

Newtooiao low of aravity as 


M. 

1 


Are not the 00010 . Time vo ohonld wite the 






The 


and equate auch a force to wher# a ie -the resulttna aoocierstion 

cquBiian of ntion of 0 ili^Ie pEodiilum would then be written 

u A tt {8,1,2) 




BOd ita ougular frequency 


dt 


[L^ - 





tt M. 


t witb 


Y B imlToriol conatont., then V ia a*t equal to 1 in 


the definition of S? * If w# define G hy the relatioo 


(2,1,3) 


th«ii If y Tariefl Vith paflitlon in lipncn, with tljie, or fron iwitei-iol to 
materlol, thin wnld app«or operationolly as s Twiatioa of G « asanwEa In 
Ncvtonian thaor; to b# a unlTSPsal ooDsiamt. If Y is aiffersnt far fljffer- 
sot DBtsriala, then the pariofl of a peeiliiuai irtll depend on the uaterial of 
the hob, _^ 


2pH Th^ Eottfoe-DichB eyp*riWP_ta 

Experi^ente to test the uniTeraality of Y thersfsro Harob fur a 
diffsrenoe in the aocelerattofi of two' aiffereut objects falUhA in the BOioe 
fraTltatlonul field- The grEatesi praoiiiou hen been aohlered in the null 
cxparineute first oBrTled out by W&trr^E at the begnmiug of the century and in 
the early 1980*a by Dicks and bis scboola The Diete group laoked for s 
differential acoelerstioD between two different abjects falliug in the graTlto- 
tiumil field of the Snua The principles ore eaaiLy underatuod- Consider so 
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(ifiAVITATlO^S AMS mATlVlTY 


jdpfll PArtb ¥ilh iid futatigiui 4i 90^ ti^ the pLone^ Dii the 

i^" 

equator, tva maKB^n ai different DAtcrlalB but irqual are inispefniled ot 

oppoaiie mtilB of the urm of a toralon hnlafioe^ pDiatitii Noriti-South. At dlavn 
eatli Biaas tJCp#riEacea m foi^e 

If 
i 

to tho SdBti Id koEp it in orbit a foree M^v^/r Is required, dii-ect#il to 
the IJait, whero v Is the orbitnl velDelty of the earth» If tha quantity V 
10 difforoTtt for the two nuiEaEs on the toreion *r«, one vill fail touarda the 
Sup a littlo faster Ihaii the other, upless reptrftined by a tviat in the sua- 
pension. The effectlre forciea actipg on each naos^ as seen In the rest frame 
of the epporatnj, are thue a grairitatiooal force 



F Q 

i S 


lag 


to tba E^si end a oentriftiffal force 

P 


«iV^ 


i r 

acting to the Weal. At ddaki 12 hours later, the grevitatioCial forcea act 
tovards the Weat and the centrJfngal forces toverdij the Enet- If the ratio 
of and were not the sasK for both jusses, thoro voiild reaiilt an 

oseillnting torque ahout the suspension Ifith a poriod of 24 haUl-a (Figv2^2,l), 


N 


W 



E 


W 



Dawn Dusk 

Fig.2.2.1 An iliUfitratioQ of the prinoiplaa of the Dicke eaperl- 
mept to test the equivalance of inertial anil gravitational i^aa 

Thia oacjHating torque would proAice an angular oscillation about the suspw- 
eloD Tith a period of 24 hours. In the meet aensitivo of Dlcke^a eipertsientP 
the two imaasa were of gold and aluaiiiiiitt and such tm oscillation wa absent 
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Mt A l&f#l rad) inplytiig efiuality of tlie cjuifttaiit of proportl^no 11 ty 

y for (Did and Aliminiim nt a ler-frl of on* p^rt in 1&^^: c^unliiy to 
3 parid In 10^^ at thx 08% confidfih^o ia quoted, ESStvI^A neertliod for 

Mt% iidbdliin'CO bctweeii ^■fiV’ItJitloTinl lore** due to the earthen gravitntioMl 
field flbd tbtt «*iitr1fu(fll force# caused hj- the earthen i?ot*tloTi, the apparo- 
tqs had to be mtated poriodicfllly (idieredE Ditke lot the rototieQ of the 
earth ito it for bin) and of th* torsion bolance was looked for with 

optical lover, teleaEope and the naked eye^ iaateail of optloal lever^ tele¬ 
scope enci tilfeoironir* es in Dioko^e oAperiueiita, NoaetheleaBj Kftvbo ertab- 
lished the equality of Y for n itfide variety of Buhetancea to a few porta in 
10®* Hefereaoc [l] eoutoioa a dei^lled account of Picke's es^rlBWiita and 
‘diReusoloii n£ eorJiler work establishing the equality of inertial and grovita- 
tinnal »aafl« espeetally that of ESStydei A mcasurttaent Ainilar in prlaoiple 
to thoae of Oirke and hi* school has beop dorried out by Praglnaky and Panov 
[all who report equality of Y for aluflinimii and plati^^iw vithin 0,6 in IP^ 
(65% coRfideoce liait). 

3.3 T^l Jnn.tioni of the mill reeult nf Edtvds^lcke eacpori pouts 

We "aow o^junfiie th* cons^^ueacea vkiah flow fron this ruH result, 
i^snjei^er that In calcnlatlng the gravitatiORol redahift using pravlty frather 
the equimlenoe of gravity and aeoelerstlon.) ws assuaged Ihat Iha energy 
of a ayat«)n (such na atl atOp)* Lo a gravitational field depended anly on ite 
total energy content (that la^ ita bass) and the potential and that couaei-ra- 
tioQ nf energy held locally iu the traReitinOB- The Braginsky version of the 
£Dtvos-J 3 icke experiuent yields the result 

|v„ - V„1 < 10 -“ . 

We know the Ipcrtlal jaaiis of an atom to he coiaposed of the following teraa (at 
least) 

(l) Elsctrop rest bmmm 

(£) Elaatron kinetic oierg^' 

( 3 ) Electron potential energy (oleOtmstatic wiergy) 

(d) Ftotpn and oeatron rest skassas 

( 5 } Proton and neutTon kinatifi anargy 

( 0 ) Proton and neutron potential energy Aia to nuoloar forces 
( 7 ) The Blectrosiatit eoergy of the nucleus. 
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GaAVlTATTCW AND HEUTIVll'Y 


where ia the gravl titiDtiAl moBiip af a pArti talar eoG^aiient aqd ’i la th^ 

inertial l^se of a particular tanpoPtUX* Then 

ftlTj = ^ ■ (2.3.3) 


I 

Deflat T\ ^ Vt" ^ anomaly ^^afl to ■ sinjsle tern* fay. is 

given liy ^ ^ ^ ^ 

(2,3.3} 


&ri 


10-“ 

uJ 

■ i Pt 

"iPt' 

^iAt. 

I AL 


“i n Im 


imleBfl of eocriie Xhev« dre gmitBly implauBible caDcellatlonn. 


The biggedt difference between pt and Al ie m tho Qeiitron/praten mtlo. 
The com|20aitioati of Pt atia At atoBB; are 

Plotimitti 78 protana, 78 eloetrqDa^ 117 atotroDa 

AJumiziium; 15 pro tone« 15 eloctroD £, 14 a^troiia,i 

The fr&ctiotial velght of nt)jtraaa to thus O.flh for Pt and for At, 


The anomaly ia Y due to noutrons 1e thus lese thaa one part in and 

similarly for praUxtiB* If thare ie ma anemaly oasooloted with the oentroD- 

proton T»S« differoacet whieb la ahoat 0.16^^ then it must ha leas than oUS 
part In 10®. Siu^lorlyt if al#otrooi have a ratio of graTitaiiatinl to 
idartlol mosa different frotn unlty^ the difforsoae mu it be lose than one 
part in 10*. 


may now turn OUT attaation to ths Contributions of binding and klaetlt 
mttgy rsthar than tba rest mass enorgy of atoms. On puttini together alec- 
trona, protons and neutroao to noks on atoiiilo nuql^iua and it^ retinno of 
aleetront, thoea constituents pitk up hiuotic energy' Mit lose d greater amnuni 
of potential energy la tbo fojmatton of a stable system, which has leas mosa 
than the reai messs uf the oonstltuenta^ The mean biasing energy Is the 
BoOiluB of the oufl of these two terms, diTiOed by the masa uimUior (aamiber of 
nuclsona ia the nucltiiH) of the atOBB. The meaa binding energies of Pt sod 
Al differ by obcut 0,3MsV - appruxtinBtely 3 X JO"* of th# aiielecin rest maas 
energy, Tlw eaniMily in Y due to bindJag eoergy Is thus ^ 3 X 10-® i the 
graTitatioDsl Boas-oh^iYalent of binding energy is equal to the inertiJil eises^ 
equlvaleat of binding energy to within 3 porta in 10®. We con now brsAk this 
down into ita compoaeiit parts. 



mE BRrvft'B-Dioa: 
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Nile Iftnr fflectro atnjblfi, afl 1 f^eii* rgy 

Th# 0 l«ctr 9 rtatic £ of a no*Lmia ift ^yite vfcll repreaejQted by ths 

e ^ I ^ 

A faeiilil tho* ntdBic s»sa nmiiber, Z the AtODlX maaidaEr afcl^ ■“ l-O # fbe 

fr^ctiob af inertial wsb isoottilmtfld. ie thT]al ( 4 ) @ 1€ ^ for Pi an-fl (+} 

3 , W-’ fo, «., « « 

Kiicigar biJidimt 

binflltifi Mdrgy &f m pq^leua i» niv-en nccyratelj by IhA aemi-eDqiirtpal 

fonoEilA [^1 

B(2,A) ^ tiA - &A^ - t - e± 6 f3.3.B) 

whvre i ia tbe electrofftatic t#rm me hsv^ alr-^alSy evDluated^ ana ^ is an 
aecillatlbtf eorreotlan for dticleJ sf eFeq A* The ira^t-loTi of maps repreHaa- 
ttfd by the firit term ia th# dw# for Pt aad A/L; it ia a ftret approxiiiiatiDn 
to the difference between kinctio and potemtiBl enorfy. The eecqnd tenat ia a 

eoirrectioD il 4 0 to nucleon# tioor ths Burfece imt interact I with the sdue ijub- 
ber of nolfbbonrp a* tfaoa# deep wiiblp the nut^leua. Ve may take the second 
term to provide a meaeur# of the quentity fi Y tfca to the stroiil Lntoraetiou 
potential- Ihe oDtiEtiiiit ^ Is about IB HeV^ ad the fractiou of inertial doop 
caniribnted by the tera in p la "^3 X LO ^ for Pt ftud '***0 X 10 ^ for AA-, 
and fer tha strong interiicttoiia B Y ^ 3 X The limit on BY to 

imelAOii kinetic energy i* probably sbont the aaide; we con Make an estiMota of 
it froffl the third tana which edoentlolly reproBeuta oxcoaa kinetic onergy 
forced on micleonB hy the Fauli principle^ In a nueleno mhfrre the eniBber of 
protonfi ond fieutrons le diffaront. The fraction of inertial wpa ecntrlbtited 
by thlB tem ia io"* in Pt and Itr® in Ah: we tbua find a lifidt on 6 Y 
from nucleon kinetic energy {Th^ conatant V in the aeoti-ni^irioaL 

mans formila^ not to be confuaed with the rntio of gravltoiioDnl and inertial 
oaoe^ is about 29 MeV^} 

Atomic structure 

The binding energy of the atomic elociroBa nay be eetlMated from th# TboBMs^ 
Fcmi BOdel of the atam [a] ^ 

B^(Z) = 15. T3 Z^* 

and ia ™ 6 EoV fdf At, 0.41 !fcV Tor Pt, Elactrun tiladitv dltexO tl«J» 
tTihutes a fractional inertial maea 2 X 10^^ In S X In Pt , Then 
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rAAVITATI(l\^ im RlilATmTY 


^ S K ItP'^ with th-B ammc sert Cif liittii Db tlie potential aniS kibetjc 
QiiDri^i^a of the el&einans 

Crfl^-itatioMl gelf-^norav 

The EArtv&o-Dicke-fir^inflky oarperinflntA <3d aot prairide a q^asure of tlie ratio 
of the grav^ltntloul luso-eqiiiTBloni and in«rtioX mooo-aijniTalflnt ol 
Lianoi eelf-^enar^y, Tho graTitotiobal tfelf-tdorgy of o aniform ophoro of 
nipes )t, rndjijB H id -g Trtllcb fur Pt 1 b -^ICT^ erga. The fractigniil. 

contributfen te the ijnertiel mBea ie tbue **3 X ^ 


j^_y nutter 

ThiH is ai^re oxotfOi lJUt of intcrOBt ]^ec!ailfle of tho frOqUently encountorod 
-Bpeculatloa tJiot iMtlar and ontiAatt-Br iniglit lia bq tally rapuloive g^rBiritetlon^ 
oily, Tli-B ioertial moaa of aoliBottor (pooitrona, antiprotons .,*) is cor- 
toiflly positive HO KLch o apoculatlob i^liea ocgotiva jsroviiatiadol. naa, 

Noir atoiiLB contain teieporAiriiy virtual olectroiwpooitran pAlrs^ vliicli kmbifest 
tliOMdelveo throupl? crorrectiono to tho elediroBtBtlc pot^Jitiol Cslf ond if tlie 
poaitron vere repelled liy the gravilotioBal field of ordinery aatier ^ the 
^avitaiianol tqoss n^old be anoimloiie hy an amvnt [o] 

where the duBeaeioolefla i^aontity (Ze^/ho)^ is the order of Bmipjituiie of tbs 
probability of finding a polr In the field of the niieleua. We can pae that ve 
oxpaot D dependence on {rather thoc ^^e^} by a als^le argumeat bI ni lor 

to that often aoed to ealonlote the range of miclear fqroep due to the tt^eBon 
(plan} ■“ hut cavjE-at Br^tor# 



If we poparato a pair of electrons in the Conlonh field of the doclena on 

y - 

energy ia qvoilobla^ If thia la equal to 2ji^o^ we may cipeot 

tnai poire to he isporlont, Th* tlDO ocale At over which energy ia uneer^ 
tain to AH is givsn by AE At ^ tl and fir < ofit ^ . ^hli Is olao th# 

Goa^tcu wDveleugth of the olactrDC - if wa oojuiDt loCaliae the electrons better 
than this, we moy oet r ^ ir and s^ect pairs to be important If 


Zo^ 

ho 


^ 1. 


Thit sort of effect to kfi&m as vaeuinn polnrioatiaa - the effect of tha virl^l 
alectroDi la real in slectroBasnvtisw beoqnss tlialr trsneient prosonca oltere 
the offoetiTa charge distribution noor the aouros of na eleetrio field. [ 4 } ana 



TUL lJtPE3ll>U]NT5 


3^ 


Ut the l^wh fthifi snfl the aiiiii[iiiIou& Mment qI th# elec- 

t^ircD.i ^fc iuiy tberefflre tuivt oorifideoco that the gravitAtiEimil on.d inef'tidl 
HuiEfiee of pcsitrca-s the at a level 



< Ifi" 


*S>t fpt'“^ 
137/ 


~ a X iir® . 


SiidilJir effecti ere te eccur for the stwoti^ interectionH: virtyel 

proton-entiprotcii iHii« (end peira of other etrongljf iutirecting particlee) 
liAve m trS^ienl eiieteii&e* We have po vdl <liJveli>ied theory from 
vhict the siEC of poeaihle effeotp can be depth of the ever- 

oge ErtroOd interaction pqtontlAl In the luicl-ou# ie atioiit 10 ^ 
probafaility of findiog titiol«oi^n«ntiDiicleDQ pair* I® perhape We ehould 

he oafe in inffirring frem the Dreiini^ eicperipicpt that ^ < 10^^ and 

■till have an enomujua Borgln for ormri ifC con he confident tfiat aiitlaatt«r 
doefl not foil upwordffl- The aoet praciso teat of th* gravitational equivalence 
of wnttef And ontiwittep la found in K® - K* IntErfoteilOfl {ritenooKia M . 


Wealt ipteractiopfl 

¥e have ooneldered potontlol -imergy from the strong, electromagnttic and gravid* 
tatioctal interactione- lu the first tnra CQseo the Eo^v*ih4)iclte-4ir®g;li^^ 

fcxperinents fllloe ua to conclude nith great precielon that the associated Iner¬ 
tial and p-BvltntiD»al wisseH are identical. In the caea of grnvltBilpiial 
«5*r«y wo can learn dothiTig froat ttosee experinente, The only other known 
Claes of interact Iona la the cleaa of weak intoraetlcae responnlble for nuclear 
beta decays The fimctaMentdl interactioa reapopsihl# for p decay aaay be 
represented diagramnatitally ai 



with on qasotinted matrix elojiient 

ft (0-3.«) 

wtiure th« Forml constunt jt ” 1.^ X i0“^“ oi'BM® , 

•Cf^ 

There i* ovidcaee io nuclear phyeios for a ■leillor iDtemetton he tween two 
nucleona 
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lind tb» energy associatetl vitJi ttiia i« given ty the di^adnl mntrii elmnut 

sj'fpYp ¥**3 ~f (2.3,7) 

vtiere V im tbe ancleBr vatune. The irenk ijater^aetlnn enargy of Jy»t one p^lir 
of nuoleon^ in A.^ js thnp ^10"'*erg& ^ fl X MaV corroeiioiidiing to X 

of tho Inertial wsa. 

It the tfstal energy gDOE ae the aimber of mioleoEi poira^ the fraotion of the 
inertial masa contrltinted by the xeak intoractions io in all nuolei^ 

If we anppoee a imhalance in thia traction between At and Pt thoa ti 
vonld he ^ tf th* veah interactinQ energy had no gravltatioiml 

If the inhalonce woi due to one pair qt ducLeaUe in A^ , the CorreapoDdiog 
n would tie 3 X Thtifi tho Braginsky vorilon o/ the liSStvi^s-Dtcke 

oiqperiiieiit iuggoiio . < IdT^ — lOT', but there in fmt nich margin for 

eri'Cir* 

In ainmiBrj, the retio of gravitatiunal to inertial nftOBa of binding ciQQrgy is 
unity to within 3 perta In 10^, PDtential energy and hioetic energy CdELel-- 
dered separately have Y = 1 to a ratbar bitter accuracy. Llttli con at 
preient he said about the gravitational propirtiee of the weak Lnterac-tiane, 
and noth log about the gravitational proper iioe of gravitational tJiergy. 

Canaervation of energy and the snac-energy relation of apeoial relativity are 
viriflcd in nnolear phyaios at a lerel of ehont one part In 10*, This hna 
heea done by coo^ariilg the naBeea of niiOlei as dotOmitied through mass 
Irojcopy with corresponding energy differences measured through reaction kine- 
Duitioa, Vith the oquivalence of gravitational and Inertial naas of iuiorgy 
eatabllshed at the lovol of a fev parts in and the inertial nasa e^uiva^ 

lent verified at one port in 10* It would indeed hove been aeioniohing 

If the gravitational redjdiift ej^erimunt hod failed to yield the ea^ected 
ouawer at the levels 

he nay now Confidently acoepi the non-re 1 at tvi at to relation 

HM, 
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3tt 


where anrt Mg ere Inertial mbmos antt atieiuft ta find the relatiwlatle 

Jawe ul Br-TUatipo, Dur i»altlaa U B«nloge«a t<, that of o J-rtloa phy-lelot 
ifh 0 iui 0 acoevj to Mith&r uetaLe wr Indeetone i ^ut tme ]iDitethole«B otuiUfld 
elfictrootaticji and diactrvflred the Lorentit tranffonBatiani of speolal Tolotivity* 
Before att«Bptlne to find tlio relatiTiatic law* of graviti-tion, we will flr*t 
tbia Bartlan taak &f fintfliig tli# full lawa of eleetradyDMica froa 
Conlonli^a law and ppo^ial rolatlTit^e 


B^eferencgs 

tl] P.G, Boll, B. Erat^or ait^l B3> Piefee, AnoaLa of PbyBlcH, *42 

(1M4). 

I2] V.B. Bn»ainsky ami V,T, Panov, JBTP, 4*4 (iSTl). 

[ 3 ] See for enni^le M,G, Bawler, Nuclear Riyoiea, fPerjianon 1673), 

[ 4 ] See fqr axanple L.D, Landau and E,H. Lltoobita, fluontw# Ifeehanlea, 

(^d ed,, Perdanun IQQQ) sect, 70, 

[sj So# for eann^U il.O. Bjotken ond S.P, Prell, BelatiTiatio Quantnig 
Meahanioa, (Hcdraw^lll 1PG4), 

[b 1 L.X, Sohllfi Phy*. Bev. Lott., 1, 354 (1358). 

[7] M.L, Goad, Phyo, Bov., 131 , 311 (lfi6l). For a d«i«ral Oioquooi^ of 

K® decoy ^biuhiimui, see P.H, Perkin*, Tntrodaoilon to fiioiTiy Physieo 

{Addiaon-lfeflley 1672) sect. 4.11, 

to] A.a. Wopatro, In H«n«lboeh dor Phyolk XXXVUl/l (Sprianer-VerloB lOBS) 1 . 
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t'H^PTRR J 

MARTIAN ELECTRODYNAMICS 


3-1 

We ^ill Imn^ine * nartinn: pb^aiDlut wbq to the flry Httu^hera nf Man 
hiiU acquired *n CMelletlt. Irn^Ttleflle ijf electroataticH. Without having flis- 
flcvered elMtroiWBiietiM. he oqnethele^i (teeHJee to atitfopt to Jaeanre th* 
velocitT oi Mar# throuttb thf bypotbetieal Btaiiin which supporta UBht waves, 
obtains a null resnlt with intei-lonweters with ftrua^f both equal and unequal 
length and le driven to aiseovec the Itoretiti; tranefonnatione. He finds n 
principle of relativity phi loaophically attractive and ao ioharks on the task 
of finding a set of physical Inva which are covariadt under the Lorentn traus- 
formationa and reduce in «ie low velocity Unit to the laws of electrontstios. 
Foe the rest of thin ohaiptor we shall follow the hypothetical reasoning of 
this hypothatical pp^tinfi.. 


Abfltrttctioa from Cotaoab's low « dtfinfl the electric flela 9t * paint chargffl 


q to be giTCR hy 




(3,1.1) 


The enrfnce integral ct ^ ie 

f E . n dS a q f da S dnq (3-1-2) 

—q - ^ J 

S 

if q Ib ifteidc the cloaed BUT^nee (aUeI j^ero if it il Pflt) ^ If pany iioiDt 
ebargea ere pre^poi we uee the principle *ujSeTpopition *f elactrtfl lielfla 
to write 

j B_a£ 3^ = dti ^ (ilsl,3) 

i iueiSe 

oiid defioing the local chnrfic density Oft 

Eq. 

pi ilia ( 3 - 1 - 4 ) 

V 0 

Ift h^e 

I E - a dS 4p j p d7 

B y 

where V la the woIobb faeuadod by the cloB«d surface S . Now 
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J' E, £ as = I V. E ifV' a 4n ^ p cfV 
8 V V 

and since the volaae ceUBitfered ia arbitrary we bare 


9. E ■ 4ttP . (3.1.B) 

kith the furtlicr definitidu 

E E- — ^({J. 

where ip It a Benlar functiDii of poeit-ioD, we reee:li l^oissop’'* flqiiatioa 

v^(P=-4ttp (J.i.a) 

Mtid this Is B conYBCLieiit figirm of the lavra qf electre^Btatifra froai wbirli to etart 
the qqastrijctlofj of eleirtrot^naiiicB. 


Thli equqtiqa ia clearly not OfTrarlant imd«r the Ureat7 tfanaforutionB^ 
heeauBB the operator caitt&iaa only Uorf^iitivqe i^ith resp#ct to a , y and 

z . We de«d to replace hy an operator with wall defined propertied under 

the Lurediz tracsrorfflation, ifl wbieli igy^i and let all enter aynetricelly 
and whJoli In the atatio liiD.it reduteB to 7"® . We therefore replaeo the 
Lapl&ctftn operator by the D ^AlenUertinn 



^ (1.1.21)1(3,1.7) 

and this will giTB *ie an AqUbtiga 


Q qj - ^ -Inp , 

(3.1.8) 

lo q region of apace where p io zera, we have 



(3.1.0) 

which hao soluilofLH 


^ a f(t . Z - uotj 



where 



The replocemant &f hy the apprqprii«t^ Operator la which z *y » * and iot 

enter synaetr^oaL 1 y hae at once yielded afi oti equatioa with B free fiald 
tiad i^icb propA^atea aa a wave et the Bpeed of light. 


Our hypothetical mrtiiid would undoubtedly he tempted to IdoEitify hi a thee ret 1 -^ 
caliy diacovered electric wavea with light, hut at once he diacovera a diffi^ 
nulty. The eleetrlc field asaociated with the potential (? ifl 

E a = - t f ^ * 


For ozjnnplet if 




MAHTIJW ELEC™IDY^IAHI 


fhia ffl^ctric field is In the direction of inn of the wv# snfl ttiore 
iB only one polarii«tion. tl our Aortibn tf noquouiteil i«itb nptlCB ba will 
know that light hno two internal degrees of freodcHBi two independent polnri- 
utlona^ 


We there fa re exaiDtPo noro critiaelly the intent of the equation 


the whole equation le only 
p ba^o the ease trans^ 
t PHist he a foiir-seiilbr 


Since the □'JUenhe-jrtian id 0 four-#celar operator^ 
CQTariiint tmder the liorent^ trnnsfdnHtionB if and 
foj-Bintion pm|«rtlea- If tp le b four-^annlar, then 
The charge of a particle la 

q = J pdV E J p datdy da * 


li snob a particle to wing past th# ohnerver who uaea ccordinniee 
then he sees a charge 


If p iB a fonr-acalor, then p ■ ; 
We bfive Lj* - Ay, A*"' = Ab hnt 


the Lorentx contriotioD 


if p £e 0 four-flcalaT, idiarge ia a 

r<:'* 

function of weXocity and tende io 
aero oi y ^ Cp If our lurttan hea 
already done eT^ierisenta with high 
energy electmuo (goodnesa Ichovb how) 
he will raject thia poeeihillty: if he baa nnt then he baa an addition to hie 
list of onioial experimenta to he perfor*ed when tecfanicelly feaaihl*P 


Fig. 3,1.1 Lorenta contraction 
nf s DoVing charge distrlh'ation. 


If vet rejadt the i dent i fleet ion of Cp and p with four-ocalara^ we may consl 
der the poseitiility that 

□ cp=-4np 


relate a the aniM conqwnents of two feur-Toetors, If p la th# fonrth coi^iient 
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of m fonr-wotor It i^ill tmnofiii^ like sn int^rral of tloe. Elneo 


Ai^ 




end lh« charge den pity iocreoftoa io ao to ODEptinaate for LoroDts ooutnc- 
tLaa of A olurgA diptrlhutlon and lesv* the ohoriA iworlmt^ 


q' - J di ^ 



Thin in on atirnctlTe poasihility and htcEunea more ottrootlvo If irfo allov our 
Enrtlob ipioivle^g^ &£ OoPAormtian of ohni^e^ Contorvation of cluLrgo pltia the 
geqcrni atntencQt that th« lava of phyvica are the laiM for ohavmrs in all 
inertial fraaeB raquires laoal onaBArratioii of charge: w« may not have charge 
dinappearing at ope point in apaoe and afiEiltiioeouflLy appaaring at onatheT 
point I bacauBE different ohnervera do not agrea on the sitmiltoneity or otber-- 
wipe of OE^Este at dllfarent coordinate b In apace. Thus charge only dioappoari 
from a voIubw of npace hy Gloving In a contlimoun Any tbrou^ the hounding nur- 
faoa. Local cpABerTntion of charge la contained in the equation of continuity 

dp 

J + ^ =0 {3*1*11) 

irtatre ^ ia current denaity* J is pv , 


Now let la tha foorth CdUponoEiit of a fonr-noior* If we identify (J g lap] 
aa the coaponenta of a fotLr-¥ortorg the at|tiAiichn of ^ontizmity ean h# vritian 
in the lykiilfeatly eoyariant fona 


vhere 

aaO 

U M 



= (J . P) 1 ” (i I i®*) 

ta aherthnnd for 

M iia ih 


( 3 . 1 , 12 ) 


In the Eonrantion cf iftasaing repeated (djsmy) indicaa. The aquation of eon^ 
tlmity thua takaa the fona of o vtatoEiont that the foar^dlTorgonco of the four^- 
currant la aoro end we have a relation veil a for all ohaorvara in Inartlal 
frauas^ With the charge fleoaity the fourth co^wnent of a fatir-vecter* we have 

iif> 

charge an iinrariant and locally ceneerved. 


For this vac tor theory of electricity and roleted phetsovena we write 
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luarf the equation for ^ i* recoirerea ou There ere iww four 

iCLtemal deisreeft of freedtaM io the but only two polariaotinDfl for ligjit, 

Tbeae four *f frepdlott rodqcefl to three on noting tiut olnoe 


ona 


VC AQHt alflo have 


a*.. 


^ 0 


(t 5 ,l* 14 l 


thoa |iroviiiLiig one eonairelnt^ We etill hove one more iSegree of freefloia than 
ofatolna for light howoreri liut the gati^i invarionce of the oq^qatiouB docaupleo 
Enne nf these flegreoB of freeaoms we iholl leeve the dLdc-ossiop ©f thla until 
Cluster 


3*3 Fq roeo 

The aext taok confronting our mrticn te an ^eFtigotion of the forces 
acting on charged particles: so far he haa only ahtained the potentialIn 
hla e3(perlmatally acooBuible aleotrostBtics he hsa for the MUttgy deniliy of 
a ohorge aifftrihution in on extertial potential qp the three-ocalar quantity 

K ^ p<^ ( 3 . 2 . 1 ) 


and a farce demitjf |ciT«i by 


pjtp 


{j- 2 . 2 ) 


He therefore expecto the forces in the general case to iinrolFe the foor-BCBlar 


function 


J S A 

e tt 


( 3 . 3 - 3 ) 


correeponding to ■ irurr*til;--ciirre!}t interact ion between two ehargo flistriho- 
tiona 




( 3 * 3 . 4 ) 


ojkd the derirativ* oporator Since the force on a pointlilc* particle 


In file al^tlE CM* ie 


% 

- “ it = “ 


(9.2.S) 


in the general oaaa w« ffluet hav e 


^ 1 

dt c \X'~ li 


plus porbapa other tenna^ where 


= j* i i = 41 . < ^4 “ ^*=4 


(S. 2 . 0 ) 
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UlIb i* certainly not wit-toa id h ^Dvprlant way: vo hav^ thra^ 

vbctt^T* on both aid«£ ati^ dlffero&tiatipD vitfa rospaot to t , iBay Btart- 

to vrite it in a covariaai may by rapladrig tli« £ mjd V t\wmm^mtor9 vith 
four-Tflctors: 


(3-2.7) 


^ 1 

^ “ c “ *'™“ * 

f E' ^ 

Now wo tlm gifioraliaad farfl« afjnatioin ylaldn the rat# of chaaite 

of energy ae well nw the rate of eihaij^# of noBieiatiiiB; 

X. 


® D f, 

^ - P ^ T ahen 


dt *= £ 


fl i.30) f3,2.a) 

BO that whoa ir i= -^ = 0 ^ 

Since £ =. (qv * icq), ofliy J_ ia noiv-^ero when ¥ ?; Op Sq me have 


% 

dt 


V ^0 


r — + other tfruaa = 0 ^ 

o P *j 


Thia i« achlared hy fletilng 

\ 1, 
di =« 

which la IdAntleakily aOro for v- 



( 9 . 2 . 2 ) 


(9.2.10) 


V« still bav* the problM of a diffarantiatlon witb reapeel to t alma «i tlw 
l«rt lund aide, and we may be HDiried becauaa J 

is tha four-vaetor, Ve caa however remrite thia eqnatign In a DAnifertly co¬ 
ver 1 ant way I 


BO thnt 


% 

dt 

V 

dT 


dT 

dt. 


dr 


^ dt ^ ^ Ot 



dr 

dt 

SA 


(3.2*11) 


Tbit equation ia clearly coverient|. for the charge of the perticle q la lin 
imrarlent, the fqiir-»opEn±u3a of the partioltT ^ ie a four-vactar aufi bq its 
darl votive with reapeet to the aoalar quantity t, th# proper title nee jure d in 
the iDfltentdneouit root fraiae of the partLole. Tho derivative of the four- 
DoordiDAte of the particle^ im also a four-veqtori the four- 

veloelty, and wo the right-hflud eiOe la a four-voctor foneed hy taking two fotir- 
Vectors and a four-vector operator« The quantity 
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aA^ 


ax.. 


V 

iA fretiuvQtlj tfEBoifttS by i» called the electroam^Detlc field tsnmor 

Cj]. 

Ve qen (ibtAiA the foroe lews In a tmili^r farm by irforking out th* «t^ce^like 
and tlme^like uiii|tooeQte nf ^nation (S.S^LQ), obteinliig 

bA 

— tw 


Cd r 1 1 1 

«>E r ^ ^-*1 


(3.2.12) 


Hie term in X A previttBo e foi-ce alwnja at right Dcglaa td the Mlocitj- 
add sd <lo*a net aftect the aiwrgy et « cbargeh parti die; thia ia the magnetic 

tem. ¥ith tha dsttnitlnDS 

B =a t 5t A 

t I aAt 

I ft] 

VC httve the fomiliar ei|^reeH4 0 iis 


(3.2.13) 


dE ,> 

3t 


(3,2.14) 


¥e dmy ealcrulaie the accaleratlan cl * particU hy using the rolntidu hatvaen 

DcuDentuji and energy 


£ 

£ H w S T 


vhiob fiiveB 


ae that 


^ ▼ <ffi 

■.dt ” dt " dt 

dv qf t^E j; 

^ ^ {l'*x “;:r + 7 - - J 


(3.2.16) 

{3,li,16) 


vhere 


E_ 


i't ^ 
■v 1 - 7? 


Thus by efettrthittfl for a net. af rolatlYiitieelly ^sgvajriant lew# th*t roduco in 
the Lov velocity liurtt to the familiar leva pf alectrootatiee^ our hypathatioal 
martlazi has iiiicaT«re<d the loire of alaatradynaBicE, >f« vill parallel thia 
raaflonjnfl in Chapiara 4 ond fi in eta attest to find the Uva of greritatian of 
vhiob Nffvteniaii gravltatfon repreaenta only the low velocity Unit# 
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3,3 The Lfljtrnnalan fpraalism; for gjpgrtft 

Tbe fotLr-ai].blAr intBfiictlDQ ^ ha.t tha d^aapidni *f CMinj* {Ied^ 

■ity tnrt ut tr&Eififortf aa on energy d«niaity, p«q bevoYor fa# iciter- 

prete*] aa on iDYdriAnl LatfTiODg i an dona ity oorra^wndiiig -to tho iatin'adtinii 
tbo carr«Dt dumity irttli the extenmi field Intagi'atifiD pvar the 

9pace Tarlftblea proTideOf far a pdini-likc partialei tlio iDtaraatinik Lefirangiw 


dx 

A 

C d T \x 


(3.3.1) 


Tha equatiano laay ha ahtHiaad at anca frodo the inv-nriaat Lasrengian 


dx dx dx 

2 D d- dt c At V 


(3.3.2) 


Ineerted la the coTariant veraien ef the Enler-Lagraiige aqnfitlaua 


A Jlk 

aj au^ 


(3.3.3) 
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CHAPTtR 4 

RELATIVISTIC GRAVITATIONAL FIELDS 


4^1 Tb# irmyitfltiQPftl Ppi_ajLqn ffguatloTi 

Ve fii-st tibtaiP thm gravitational Terfliafl of Polsson'o equatloo- 
Abatractidg frow IrU ef gravity* vm tba grff^ltaitooaL forco 

field chifl to a jiDiat vm&a M oe 

H(e) = » 0 * A . ( 4 - 1 . 1 ) 

Tha aurfaoa integral of thia force fieltl E £i 

Ja * ndS - - 4TriHi, (4*1.2) 


To obtain the oquivalent of Poiaeon'B eqiifitiad* va tnlce a toLubw AV csontaio- 
ing a tntal MBi H coJi^fled of a cninher of Mllor asaooeg M. each generating 
a field ___ 


IJ g « thou 



(4.1.3) 

J Si *5*® =- 4-^0. 

(4.1.4) 

J H , n ilH := - A-nS EMj 

(4.1.6) 


but it ia ip^rtant to note the aaonaptioiQ that graFitatlGinil flaliU obey th« 
principle of vnpa^aiiioii, that ie, th&J add ^ettorially. This te GertaUily 
iuitified in a veok field Appreximotinii, hut w# mint hevare vhen oonaidering 
strong fleldo^ 


We define the saas desieity p oe 


lim 

AV-0 


av 


when using Gouofl'E theoreii we have 

I <JS = J V. a dn?>-AnG J* p av 

or 

^ , H * r* 4TT(rp m (-4+1*7) 

We now define o gravitational seeler potential h oo that ll =-Vh whence 

T^h K 4 ttGp (4.t.e) 

which iP the gravitotioxial equlyalent of Poiaiion's eq-oBtioii* 


4B 
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G^VlTATXQ^i AND JIESUIIVITY 


In ordEr to donjtruet « cwdfiont vpirmittn el ihim ^t^uAtinn ir# first make tbe 


raplaceeicnt 

Qh = 4tTGp* 

(4.1.B) 

In emj^Xy apace we have 


-L JL' h fl 

(4.1,Id) 


^ich has aalutloua are wv^i travallicia: nti±h irelodty tz ¥« are at 

snco led tp anticipat e tbe fvlatence of ^ravitratianal vbve« propogAtiiig with 
velocity c . 


4*3 The proaBrtiaB of the iource of flravitatipiiBl ffejda 

Since Q ie m ecalnr opera ter, the gravitatioiuil poteJitial h suet 
hAT* the aame transfomation propertiaa aa the mosa density p r to find out 
Bora about the gra^itatioDpl potentiaLa we layst ituffy the properties of p* 

We happily have Biore experiDental in format ion than our hypothetical Dartlno 
irrrentln^ oLaatrodymuiica : we hoow that partlolea of velocity c (li^t) are 
Oeflei:ted in a ^ravilaiionel field. 


Suppoae that the gravitaiionfll potential h ia a four-Gcalar» TIieh p vovild 
ho a four-acaiar^ llowevert if thia were the ease vo would hare 

f r { jf- 

M'=j p'(I k'! ljf ^ ds' * J p ' 1 „lj d* ay da = / 1_—K [4.3,J) 

■ 0 ' C 

and the gravitationiil naaa would tend ip x^ro as t - c And a particLa of 
velocity c would not he defloctAd by p gravitational fields 


Could h ho tho fourth campuaunt. of & fours-rvoctor scalar eleotro^ 

magnetic potential la the fourth compoDont of A ? Buch an ic^ntjficatlon 

U 

r^uiroa p to he tbe fourth cotpoaoiit of a four--vector and hence H to he 

an invAif-ionti The iDortial maae of a particle la not an invoriunt. The 

proper fflaaa ia an invariant, hut for a photou the proper dbas Ib taro and go 

again light would not be dafLocted hy o gravitationeL fiald^ Indeed a partis 

cl* of arhitrary proper BuaH voula not he dffleeted os ita relocity -* c, 

eince the gravitational force would ho » vhilo the imiBentme 

0 


P = 



r I;_dt 
J p 


BO that 


AP 

P 


0 
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mB V c : an fl!3t«C3trDn Is tJxroug^ ev&r snallar nagles in ih« 

CnuLonb fi«lfS Qi a nucleus at t - c « 

Ve BUHt tiDQBiiltr tbt propsrtiss of tht* n&sm cSenaity p sura t^relulLyi im^ 
turn oflC* OorO f&r help to the conaeiTat ion iawti We ba^e the equiTSleilD0 
of inertial BASS and energy asiC ‘mb have ebnse^TVfltion of energy^ Relaiivistlo 
covorinnce Local ooneerveiion of energy which ve aicprass through an 

equBtioci of coniinuity; 

(4.2.2) 


2'ic+ Tb ^ ° 


where a vC onh ^ ia energy denoity- We Mist hirworo of inokiag th^ iden¬ 
tification of the qujintities i lo e) with a faur-Foetor, heoanee we knew 
that energy niKi awiiDeiituit] wnic a up o fonr-'^ectc-r. Each coraponent of DomentuB 
ifl dlao conferred, and if P denotco the raoBentUB danjJtyi then far the x 
croiiipnnent of monentiiB we have 


V.OrP^) 

And for the nDHponent of neraGniaiii 

5 . 

which we may write as 




CiP±) 


d p t 

s: *^1 * "ar 


^ 0 


( 4 . 2 . 4 ) 


i 


We Can oauAiliu equaiioaa wi'^ tbe eqaatifiD tor anargf ooRserva'bipD am) 

'vrlta (Id tbo abaance oi axtanuiL forcaa) 

83 , 

^ ^ 0 (4.S.tt) 


where 


IF is the eaSTHy-UkalSOIltUD density tensor« 




k)V 


We tiM 

in write 

^-v V 

out 

3 explicitly 

IJV ^ 

V V 1 T_ 1 


X X 


XX 

X 

c 


V ^ 

r r 

V V 

i T 



y y 


y 

> E 


0^ 


0 


tf T 

X a 

c2 

1 V 


ili 


c*" 

i V 

i V 

0 


X 

y 

T 

-1 


V 

0 

e 



(4.z.e) 



GHAVITATION MB RELATIVITY 


Qf Htting {» , ie) E T 


liLlife 

a V , 


(4,Z.7> 


Tblj l« floljr * Bhtirtimiid htntwv^r^ v urn i^tfined bcre ia not a four-vector^ 

^ j r* 

b^cAiiae ^Lt * 5 {30-rri^iEhuncliia|£ futir-vcctor im u ^ dr /rtv^ 

■4 tansor ham the triijpAfora&tlo^n 

t ^ = D a ± 

UV ilp Vd per 

(tj^e Kj^D«ck«r doltn ftilii?tiQD & Ifl « t^»or] bo that = a a d 

MV 14 4p 4^ pp 

tr*ii»fcpnii BA B tBdBiir* It ttae anpfLDB-d fraite i.M tlio reit fruiaOir 
vh^ro only 3^^ la Euin-serq, ttiea 


^' T 44 

^44 “ "44 "44 ^44 “ 


{4.3.a) 




/l^2C 

0^ 


4^ Ely dx ^ 


( 4 , 2 . 8 ) 


Vi-^ 


Th* Bii*rgy of a pBrtiolo indtod tr&UBfonaB iJIce tho fourth oatapooent of a 

faur-VBotor« and tliv quantity J traufifonoB bp a tonaor. 

MV 


4.3 PoBBiblB form of rclBtlTiBtie grBvllatioaol fieldp 

Vo Aiffht therefore guepo that 5^ Ib the correct aourat far ilie graTl^ 


tatiooal field oiid write 


□V * “mv 


(4*3.i) 


''i4h hanring »lTt*«l C!all[HiU«llt«, ^,Siao* 3^ ill ajniiietrtc, will 

bn ayaaoetrii;i redacing the nuabar of iade^ndont coi^aetitB to ton* ITie oott- 
BOnrjttioQ Iowa furthor rodueo the tmiiber of jitdopoQdfiQt coi^Htiiento ; due* 


i Z 

^ 0 


w# have 


(4.3.2) 


(4.3.3) 


leaving alx indopBiideuL con^oenti. 



aELATiyiJSTlC CfiAVITJm:( 7 NAL F 1 £U >5 


C«]^br# 


_ fi 4 ttG 

I [ h zz 4 ttG p 4nG a. - ^ 3j 

c ™ 


W« Dart ideotifj b vltb hBcpta th« adrAtaat k witli 4FG/e^ and 


^dUTQS 


(4.3.4) 


The fcur-realrr InterndtiHsi!!, beiv^eu the tleUi genertted by * 

tept DBitep dimtrilratiDEi, ubioii rsflutee to - b p in ttie low velocity li*lt li 
(coo^re the electroowgnetlti ioirmcitton 

Vj 


vblch for fl maiill test particie of nos n henquei, on inrtegratic^ €/¥*r 


YOlTBH ^ 




(4.3.6) 


Buppone wo cfaaor* to h* lit rest in the froM of the Murco of the grrYitotioDol 


fielil. 


□ ^ ^TiO Aduroe 

F ^44 


*ttd becratto wo aro ot rest la tho framei of the eonreo, dll other cpEponetito of 

^mrco Muroe haa an intomol entioas p These ooni|KiaentJ 

44 

being tseroi they doa geoerdto no field and a rinplo soiircd at rert irtth ra^ 
pedt to the oh server only generate* an conpoaent of the grsTii-atinaol 

pateatlfll. Par a tlw indaiifladeat field 

_* 4Tr& lource 

’*J'+1 = -“=44 

and the Bolutioa of thla o^aotlan gives jast th« Newtonian iwtoatial, The 
interact Ion with a teat naitter distrlhutlan ip for this oaso 

^44 ^44 

~~p " " 

whith ia Jnat the Newtonian intoraotlon. E^oetioDe (4.3.4) and (4.3.6) time 
laad to the Newtronim deflecttoa of light by the jpun - we have a prohlen here^ 
for in thie perttoulor ease our elahoreto roletiTiatit theary glvei result* in 
agreeBPoai with the naive raqaoaicg in Uhapter 1| and la diaagreoment. with 
caper iment. 


- 

U-v'\ 



GHAVITATION AKD RELATTVITY 




Nonetbeltfin, l(efor€ attfudptintf to rooolve thin Af ecropancy it is i#oi:tJ!i 
tb«t of feet 0 ether thAA Neirtoniui coik 1m ^hen elnnints other thou the 44 
elnjoenti ol both h^ oq 4 stc non^s-er-o* Jujt oo £a electFoaugnetfm.^, 

we have dlffarmieen froai the Netfioitlffn ease if both eooree uad ohnervea parti¬ 
cle are uiDViaij irith reapact to the obeerver^ Even i£ the ceotro of mafiis of 

th« eouree ia at reoif o eplonine aouree will gflitorete extra tema In h 
giving. Fine to both b ipin-orbit interaetion and, if the test partieLo is oloa 
apinnin^^ o spin—spin interaction. Iliia io vhy the iKepnaresteEit of the precep- 
aion of an orbiting iCTrosoopa is of interast [l]« 


W* Mast nqv exiwtne whether there are any other fores for the aotirce of the 
fravltotionol field that reihice to £/a^ in the low volofiity limit. We 
raised eoTlior the posaibility of o A^alar field which would have to couple 
to a four-scalar 1 can vo couatruot anefa b field uslpg as the sonree of 

CFBvitation 1 

Ve have already seen that 




BO that 


“44 


“44 *44 344 («*t 


^(r*st frftEiifl) 

„2 


1- 




The quantity ^(l- a^) is thus on invariant, the iiroper euargy density, 

and -5-la the proper maBs densityi. Then 


^ (roet frame) ^ ^ ^ 

E-J^dxdydxEj ^ ^ g ^ dx dy 

r £ {real frame) 




J 


,/r 


(dx dy dx) 


re at fmae 


E (rest frame) 

" /i - 4 

(idiich Just repeats the work lending to equation (4. 
The four^doalar con bs f-or»d from 


tCV£ 


e(l - '^/e^) = _ 3 




whero the quantity 3 is the mm of the driogpoal elmsentt of 3" , 

UU jjw 

the trace of 3 « 


(4.3.S) 
called 



RELAITIVIBTIC mAVITATTUMAL FlUDS 


Bl 


Wb cAn thue rnTfrisAg^ foFUi# of »toiar ij&toraction hfltvtea a aourco ttinaity 

^ ieBonEi toiiBor i which r«du«o to the twa-rtlotiYiatie 
^ liNJ 

Newtonian liult* The ftrat gtYei no raaiiit* other than Newtoiiiaa when the 
ahaenrtr ii at reat in odp or other of the fraims of the two ■antes an<J la of 


the fora 


LJV ^ 


a foor-^tnal-nr proc^ot of two taoBOFOp iiitilo the setond is of form 

■flouroe 


W- W 


and la the product of two teal are. 


Thlt itcond term jaay be written at the pro^ei of two tensors, for the 
Kroneolrer delta function ia a teusort 

- tL ^flouroe 

0 u iJ 

UM tAP oa 


and we identify a Aecond kind nf poeaihle greYitational field which haa a 


aoalar »iLrcc 
S 

h and hare 
MW 


and 


We write the 'Newtonian' field h and the acalar field 


□ c ■ V 

□ t* •» 

s—' uv 


.6 7 

S yi^ m 


(-1.3.7) 

(>1.3.8) 


irtiicb ia tfaa eqiM'tioii far a aealar fiald. dlagbiae^ an a taiiac»r. 


If ve are in the raat fra» of a aqiirco with co laioi'iial KitlonB, bare only 
noo-aaro, vbile hjj, b|g, bgj art all Two-ssro. Tb* acolor 

field yidda an iai#rai:tion whirfa containii a piece dflpendont on the value of 
v^/o^ for a particlo jMssured with respect to the rest fran® of the Haurce, 
and of oonrae 


3 b® 


3 3® - 

14^ <n 


11 - 




44 


(4.3.9) 


in tho Bouroe frewe, an l^at light U not ilofloctcd in the scalar theory. Note 
bIbo that the scalar field has no^ off-dtagonal terma. 


We THo-y Btake a a»re gBosTal thaory in which we fonn the gravitational potential 

N 5 

h ont of any suitable cc-irfalniitioti of h and h 4i In the law velocity 
lifflit we iiuBt recever Newtoninn gravity, while l±i the high velocity lladt we 
wont twice the Newtonian intersoticnp Bath these features are achieved by 
Betting 


*lhiB ia a diraetly Qoupliug acalar field. Very difforont properties 
B(iy be obtained for an indtrecily coupling scalar field C 2 |^] « 


52 


caumAnoN and belativity 


□ h = - ^ { S * i 4 3 

I—I juW 4-2^ L ^ ^ ^ 


(4-3-10) 


tfT 


irh«i*e 




(NotD that S 


m 


1 

|AI 

le a doaltir Miil 


tW * HV CIO 


VS? 


H taiisorv) 


Th4^ii« ei^uatlDDfl exprens TTIE taosar thaorf df gravity ^ Htiiig^uijihed 

tram dtbar tbeoriex vitb lei^ttair fielda by a vary special cliftrAfit«riitic^ Tfa# 
fi*ld ddfined by Hq^* (4.3-10) is tbs cladHidBl version of tbe field 

vbich in quoittrum tbeary li nediatod by tbt cichangs df maoB-leaa^ ipiii 2 partis 
files {gravitons) in Boob the same vey ai tba vaetor eleatroisefiietlfi Hold Is 
■ediaiod by the axcbange of wes-lees Mpixi 1 particles, plmtons. A frnvita- 
tional vave geaernted by bas only tvo italoriaatiQi^a : tbi« is dieouse#tl 

fartber in Chapter ?« J^TOP ddw on, wban we refer in the teusor theory, we 
sliall nean the theory en^odied in {443«i0)« The scalar theory ia ei^odied 
in Eq. (4.3,8) altfaaufh diaguieed aa a teneor f1eld| and tbe ^Newtanian' 
theory of £4.3.7} ia part tensor and part aoalari wo say loosely call it 

a half tensor tboary, Eq, £4,3,10^ iran ha written 

A at«ti« in this tenwr ttieory is tbae given bjr 

V* h 


(4.3*11) 


BtiG i 




= \ 


-i)} 


(4,3.IE) 


and if 


= 0 


V® b 


'T, = IC , 


tbeta 




(4.3.13} 


anil siailarly for ^22’ ^33’ Solvir^g for tb* fields of a spberiosHy iyiaee- 
trio souroo of wish K wb therefore have 


"44 


"11 


m 

r 

^33 “ 


b__ = + — 
33 r 


Tbe atatifi fielda of a ota^s M coJi be written for tbe throe co-aes os 



HRfJ UtVtgriC CBAVTTATIQNAL FIELDS 




Scdliir (4*3.14) 


N«vtf>iii 4 fi 
(oT f4.3.16) 

icaeor’) 


^ q 


0 ^ 

r 


Tenflqr (4.9.16) 


I^Q 0 0 "^J 

ia thfr reit frame of A ffirtierically ft>TimietTic Motarco* tn tJiP BuIdF and teasor 
a faat particle ham ■ ftiwltatioMl Ini^mption depeafllTyi an Iti uwraea- 
im ai well na ite «aerj|y. tn tbe aealfir cnae tkie decoiq^lEa a famX particle, 

in til* t*n*or ftatf* It yl*lt3a twin* tbe interaction: if we write the iptaraC:- 
tion with a particle *a HelAs of Ekifl. 

V*V |i*v 

(4.3.14) {4.3.le) 1 


IJ!*' VM , fl — 


CHa 


T h r y. 

|iV^ ii^,l ^ 


+ „2/ r 


(4,3.17) 


( 4 , 3 ,IS) 


( 4 . 3 . 19 } 


The forces »1U cirtoinly inrelve tie grodjont of theee ijuoRti ties : Me expect 
that the tensor theory will gWe twice the Reflection of li^t obtolning In 
ouf ori^nal Newiopion oonitru^tioiip 
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(JfiAVmTXWJ AND HELATTVITY 


Thuji with tb« teUAor theory vb Loreati covariant equotionB flonaefltiag the 

Source and the fieid-P| Newtonian ini^riittion in the- low Teloeltj? liittli and 

twlcft N^wtoniM tnt#ractian for faat portide^^ Sis ailII nted to vQtk out 
in detail the force lawB bowover, and th^tk tbat this theory yislda the proper 
graTitattonjil roilabift for pfactoda de^itc the extra tera in the internctlan 
which seems likely to yield twice the li^ht dallfrctioD expected oai'rolyik A 
further probLou io i^ether devpite the addltiadul deflsdiioo of light we cob 
still luiintain that light trarels Jji Blraighl lin^a in s freoly falliiig box. 
llie next two chapters are devotod to Ibese quee-tiona* We mast end this cha)^ 
ter by pointing out a probable defioieody in cur trentJoeEit of grav~liatioii,p 


4*4 Non-*linearity of the fiftld_ejanatiqna 

We have set up a theory in which the oodree of j^he graviistloual field 
le the energy-BoiK'iitdia danslty. However^ the energy In the grovltatiannl 
field is Itself o^^eetad to bs b port of this sourest strictly spBSIcing 
Bhoald write 

Oh^ = ^ fgmvitftlioB*!) + (?r«rrthlii« eli«)j (4.4.1) 


and WG expect 3'^(gruTitotl od) to he cottposed of bilinear predicts squares') 
of the dorivstiTos of itself^ Thus for complete oonsiatsncy ws ohould 

hove 0 non-linear differential equation for and thu prlnolpln of Enper- 

position would not hnld^ Thia ahoold not h? Inportani far weak fields 
howevsr^ ond wo are looatly qaccemad with vpfik fi«Ida. Indeed, the linearised 
(weak finld) Equations of general relativity can he writ ton in the forn 
(4.3.10). 


I^is kind of prablais dose noi arise fn electroouignetiest becanee charge is the 
sonreo of tbs electrcmsgnotlc field ond the oleotrorngnotic field being 
neutral (pbolona are uncharged) it doss ant contrlbuta to tti own sourco. 


Thoro arc twa ubvioUG cqncrete exojqiies of the d-iffieiiliiea with the linear-^ 
isad theoryp wo eiqpect groTitstioELSl waves to he defloctsd by s 

gravitational field m the anme way as light is deflected, Groirlty muaf 
therefore he a source of gravity, Seccnnly, the grs vl tat I oniil energy nf s 
mass M , radius B Is - W^/R bo that tbe total energy Is 


1-^ 

^ Hc^ 


which goes nsgativo for a finite value cf K/ 


However, the iDereBsiogly 


RELMIVISI'IC QiAVITAndlKAL 


irAvitetlouel enttay t|ie gravitatiansL raana anfj if even for 

tioiiAji ttiM iHertldl And ^mvi'tnti-iotiiil 

iHiiii Ip. mujntAiadfcd vhtt tfltrfll CBti riiiBBin poR^iiTc-F 

TtfrlgrencPB 

tl3 Se^ C.V. MiB±i«r, E,S- Tboiene pud '|?THirit*tiiin\ 

(IrraciiHii, 11»73) Section 40^7. 

£ 2 ! RfBf Dlcksi BflTp Hiyis-* 303 (lVS7}, 

£ 3 } C.fl- BriaiB nnd B*H* Plokc^ I%yH. Bcv., 1^4 , a25 (iSBl). 


an^ 











CHAP ITR 5 

RELATIVISTIC GRAVITATIONAL FORCES 


6,1 vel»QCity al light 

UBinji thu ^nfrrgy-noiWDtnn density «« th# source of relntiviBlie gravi- 
^ntixqnB^ fiolds^ Ht bavo picked out tbe letEBar flild nitb source 
tbie cflee tbe iutareotion of a apberitully flyiM*tric field due to b aauroo M 
vJth a teat [^rti-dle of dibhb m la given by 

VbicJi reduces in tlis nonr^reletiviatic liuit to the faailiBr Newtonian result. 
iTie gradient give# the J^Burtonieo force for v/c ^ 1 and tvice the Navtoniaii 
force for t/o l2 nsay reBBoiiDbly gut## that tliiB fora vill tndoad yield 

tvipe the Nevtonlau defleotion for a fast poTtide - or a light pals^. Before 
attenTting to conetruct the force law#, it Is ertreBely iDstruaiive to ermine 
a uecepaery coiiBec|QeTic# of th-a gTBViialiofia.1 deflectioti af light: the local 
velocity of light suet depend an the local gravitational potential. 


We have fro far coosidared the forces acting on relativistic partlclest or 


lacaliaed iiulaci of light* If va conttldsr luBtead an extended wovafront^ 



\ I 

'I 


..- 

Fig*5,U Tlie normal to a plane of 
dotistani phBio ia rotated through 
on angle iq distatiea as a 

coasequente af the phose velocity 
varying with y 


deflection of light correEpond# to a 
plane of constant phase, (vhtch ie 
oormal to the d|rectiau of propagation) 
being turned through on angle in pass¬ 
ing through the gravitational field* 
This li achiovad by a reduction in the 
pbaec velocity of the vave as the 
gravitatianal field gets stronger 
(FigpS.1.1): light poasing nloeO to 
the lin^ of the Sufl will travel nore 
slowly oa average titan light far froi# 
the Sun » 


The gravitational frald thus plays the rol# af o refractive Dediuia and wc con 
calculate an effective refrattiv# index. We set 


ia 


vjy f ay) - *iy) 

ay 


at 


a* 

V C 
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CaAVimilON AND HELATr\TTy 


and then 

this lany be identified vitb the onalngaujs equation obtained from thiidcing in 
terffld of a relativlatlr particles 


Aa = 


Sr 

dx 



L^Z 




2_2L Z 

r 




(6*1*3) 


where we ore aseuminit tbe nnrml &qi^K»vient of tli« ferte i& be nivon thtongh 
the gradlant of the. teuBEir interactiom. {Fig* 6.1.Z and Cbaptar aection 5«) 



Fig. 6,1,2 

Ve imiy then make the identifieetioa 


1 ^ ^ JgL 1 

» Oy " " rSj.? r * 


(S.U4) 


Since tha ilefLectioD of a relativirtif partlnle i^iven by the gradkeni of 
£q* (&.i.l) ia ifld«p#iident of lie energy we expect a pbotoh io be daflected 
by on ODount i.ndopoiidant nf ite frequency^ If a palae of Light is deflentod 
by on amount lodepeAdeiit df iie froquenoy epectnoap then the gToyitatliona.1 
field mat be nan-diaper a ive; the offeetlTe Ttfractive index tNSt jJot depend 
on froquency. 


Integrating (5*1.4) In tb« waalt field appraxlMation we find that 


n(y) 


n{-) = I 


CH 


c* (u^ + y^ji J*e 


^ = 2 * (Q.l.S) 


All r » w* want the velocity of light to be d * B 1 and m with 


n = 1 + S-^ (6.1,0) 

re 

we pohiewa conoietenoy between a plana wave pic tare of light and a pnlse (or 
photon) picture. Vfa can see at once thut oar full force Lows eamiat possibly 
be given by the gradient of (6.1,1) beeatiao here we have light alawlttg down a.e 
it enterp a gravitat-loruil fields deapita the iendenoy of the gradieut term La 
accelerate a particle * 


bV D»y at thia stage begin to Bnapact that oonitrucling m relativistic theory 



ESJamStlC (^VlTATIiNAL FOBCEE 




of grpHty ^11 Hat be jia eii«y oi it wh» beginniHi to sera^ for the rop^tAiicy 
of tb* Telocity of light io faiitltd»ntftl in ppeciAl relAti-irity, 

4^ 


a.2 Bader th# aolar pyotep 

It should now be iil#*r that a noceieory oonBequeofie of the grorit*- 
tLoiuI (^fleotioti of elecitroJtiafnotia voreo i« o reOactioP in «|io«^d of light ia 
the dofloctlng fields This ia obicorrablo and coajtli^tee a fkrthor oe^eri- 
Bontal toflt of relatl-riotio grnvltotion. 


If riidfcr la houHord off o plaoot whon it ip naar aoperior oonjcfiTtilon^ eo that 
the liM of Fight ppHHeM cioao to the IIbA of tho S«n^ there will he u ozoeoa 
delay Lfliroducod in tb« time for the round tripi fho ^ihot^e in path IcE^th 
due to daflaotloD in the Stm'A gravitational field la jacond order in the 
aamll quantity Qlg/ro^ « and eo wa can coDptfte the Hjae ta fiirat order hy 
considoring a straight Hue trajectory (Fig* 



rho exce*s delay ie the aticoDd terUd Mb evaliiato It in piecen^ The exoeas 
delay introduced in going hatvaen Earth aud iht f>oinit of clpaciFt appronch. is 





and in going batwaon the point of fildoeit approaBh %o the %in and the planet 




fto •[■ + ,1 + b® ^ J 


The one-vay journey batwaon Earth and the target plnoat thna Introthipa* on 

exceap delay _ _ 

* Vrf 't*' -t r »■_ + 


3CM_ r r-JS- 


•If 


r^]} 


and the total exeaea delay in tbi round trip ia 


«o 


taAVZTAnoN AHJ MKLAnVITY 


S = —^ ll:--h- 1-b^j j 


vitli b « r , r we have 

p e 


ftnd 



If w« tii^« Mercury «« the i«r|ret plenet vltb 




f&.a.3} 




aufl 

we fiad 

in a total iloe of 

(note thBt 100 peec !« th# 


= 1,40^ K 10^^ CB f 

> D,M3 X es, 

b - Hg m ? X 10^“ en , 

Mg fe a X 10 ^^ m, 

tg E S30 tJe«c 

(r + r ) 

* S 32 Bills - 

tilie takeo for light to troiTfll otily ^kmj 



-- 6.1X10"^* *ciii“^ . 


f anC 


Ibo pl&neta Mercvry^ Vefnie tind Mare nnd ^ortain pnitfliile epoee pmbee baire 
been uaed ae targote; currently the prediotioaa of generol relatiTity are 
verified at level Ve ehnuld note tbut a leenjuretient of the ooeffl- 

oient In (5.2.4) remaw^M the need tp kfu^M plonetory orbtte with great acmrocy 
(tbe beet vay to dotenttlna thes la by radar rangin||} and aloo aveepe under the 
rug oubtletiea relnting the real earth baeed eyetesi of ODordinatee, iHieroed 
in the Son^o gravitational fields to the idealiead cooriliaotoa w hovo nmod. 
(See aociion 0,0,) 


Am we pointed ont in Chapter the refrottloQ of radio wavea in tb* aolar 
cornzka coa^lioaiea laea nurwant of both the gravi tatiniMl deflect ton of rodia 
wovee and of the excoafl delay IntTodooed by the Aalsr gravitational fi*ld in 
radar ranging. We nay mw pat in a few no^era. 


The eqnatioD of Botion of a free alaotrun in an alactric fiald^ negleoting 
any daopiog, ia i 
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njiil BO fill* a fivers fr&qiitucy ^ 


X ^ 


bE 


eE 


fS.2.5) 


and B OBCillatins vlaotnp GctFreapoiide to on oacmating; fiipale maiofrGt 


- ex . - ^ 

miF ^ 

If Ihere ir® N elac-trcipai per imit voLuBAf tba dipale moniciit ptr unit Talwne 

mit^ 

and the suBcaptll^llil^y af the ^aa ef free elactrana iw 

The dielaotrie aonatant la thus 


0 = I 




and the refraotlve index 


1 - 


SitN b^ 

■O^ 


(o,3.a) 

{^.2,1} 


10 te be canpared irith the refrsatl^^e index due tn gravity 

3GH^ 


^ 1 




In a greYltJitiofLBi field the pheae velocity la reduced, and the mm^ium ia Ben- 
dinperaive. In o cloud qf eleotrone the ptmae velacity le increaeed hut the 
■ediiiM ie diaperaiTe.! A beaip of radiq vavea ie dofleated avay froio the Sun by 
flleotrana in the corona, but a pulee trevelo vltb the graup velocity in auch 
a diiporsiTe medluai, 

Ife therefore went ta ca^tere the e^uontttieB and 2TrNd^/nHi^ . If 

we take N 5 X 10® (aa"® , [s], then the ratio 

.2 


BttN 

2m^ 




:3.T X 10“ — 


rc 


which la approxlmtely 0*5 for 1 = lOcm ^ r s E # It ahoald at enea be clear 



aMVITATIDN ^ EEUTIVITy 


iMpact par«a»et«rii nnller tluii li fms ivL&r radti not bt#n uiod in 

Ibeae .vtndieet tbi^ dcfl0<rtlaa toeBauTBOLCntH xtf x^farMice I^]t at 3.7 ca ^ 

oployvil iw imiMhci parafli*i*r tkan 10 R , 


^rt^jgr ramtrlgB oa Ibg yafiabla yalooity of Hgbt 


Vlth our toDflor thoDf}^ va lijnr« ozi effect Ito refract It* indox 


0=1 + 




for a apberieally ttynm^tri^ faimd tlmt LiflAt iilaiis tknva an it 

«at«rB B KrsYitjitioaat fSald^ deaplt^ tlio effect of gradleat teraa isoreaaiiig 
the tnoDiontuin pf b parti cts^ lie Duet eearcfa f&r extra force tatifia auyvaj in 
order to have coirariaat forp# lenPf kut will dp wall to riEtaeBber that a v*io- 
dlty V oan decrOBae whilE a ■voiaat^ mr incrreaaetf proviiioE] the mas to 
okaagEB fast eapiigh^ (tn special relati-ritj with a coDatont farce ilv/tlt -*0 
BB v-»e becanse of the rolatlTlstlo Increase of iaertlal 0^08^1} Mb have 
here a bint that mmB mkj depend on tlit local grirritational potetitiBii having 
alreadj found that tbe velacltj of ^Ighi depends qn the loaal patentrial« 

Ve bay note pnotber interesting result. The diMoa ionise a quantity 
DOeniree the change in the refractive iRdex of tiopty apace in the neighbour¬ 
hood of P Dapsive body such os the Sun. But all ottr eaperlMents are done 
idiup ve arc already inneraed in the graviiatioual field of all othor hodiee Lia 
the universe. The potential at the ceotre of a sphere of constant deoaity 

pi" B , 


f ^ 


— ar - 3^ 


and BO the quantity 


^ univerae 


iwGp 


X Ivor so un i verse 


If wa take ^im-tTarse "* Babhle rsdlue^ ^10 cii and for the asan don- 


■Lty of sattar, p 


nniverse 


10 cffl"^^ (still a very nDcertatu pioiher) 


uuiverea 


which ip a oimiber perhaps siirprialugly cIdso to unity^ ccneidering the largo 
(coSkplogiCBl) moBbars fad into the oalculfttion^ Here we have a hint that 
pertuips our local physios la deternined by the properties of tho dlatant 
parts of the univors# through the long range grarltotional inturacilon 
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HEUarVlSTlC aUVItArtOKAL FCKCES 

vfaicJif volika Bl*ctr 4 UCRetic BffBct*, cnimo-t b* caiiMllEd owt k«C4Ufl« th«re 
aro a-fl gravitational cliar|;*s- (Sea a#atloii 10^SS.) 

Si'S jje fsTca lava mQ aflnatioiiH of Bdiiop 

In ortlar to italaimlRa aquation of motioti of a teat pertiel* in a 
grarltational wa aniit wolnate th* fame dp n piurticl#( Rot a foMa 

doLslty, asid oao tonn mat bo tbe geoerDliAation 


^y- |JV 


in tM Newtenifla limit ^ 


ffam 


Op - 

— H — T ^ b 
^J1 “ e® Vv- i^iy 


+ Dther tame (0^4*l) 


and iiara fonarallj tbe time darivativa of tba mm^n±um-*nttgy fonr-TBctor 
vill be Kivan hy 

- -4r T b + otber tama. (5^4,2) 

At ^ 


'Hie other tanae met {Era-emnably ba of fora 




py 


^ ^ p 

nating tliot tha only other possihle foreo field to couple to T ia 


^icb ftivae nothiiig ne^ becaneo and h^ aro eynetric. Then we nuat 

have ~ 

:5fl 1T 

^ ^ V aSp * ^ 

and WO have to da-tarnine tbe quantity a in order in eatabllah the aq^tione 
of motion. 


(5,4-5) 


Co&aidor the e^erieolly eytnaetrle fields generated by a source H , the flalda 
not being explicitly tiiiie depondont. Tbeo 


’’iJ “ Se 


**33 = ” ^44 


CM 


Biid we can wlte^ sotting t«.l for coavenienee 


"5t 


hh 




V Vv > i 




(B.4.4) 


wbare 


dt 


fttid the qufiirtitiea do not molie np a faor-veetor« Then since Sep^bt^ 0 
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(SA^TTATION AND HSUTTVITY 


^ s - ii(l *¥®) Vqp - awTT . 7 tp (S.4.IN1) 

“•p^ aE 

-j^=lon£. 7 qp , '^=a»i*2T - ta.4.5li} 

It la poaaibla tg write tbeae e^iaotignj in terms gf a giogle acaLor potential 
OP only ar^ caosldcrlog tho (Artienlarly flliqil# cm* of a AphAriE- 

nllj ftyvnotrlo eot£re« at mat in tha frme. It snut alwBjB bo 

Tvmtmbtrti^ tbat the grnritotianal pat-cutial ia n (li eoa[|toiiatLt) second rank 
t«naor« 


Tlae rat# of dmnKe of kinetic energy 1 # th* atiaXar preOact of foroe and velo¬ 
city 

dt ^ ^ • dt ■ 

This ia fAnlllQF in olosaifial mealmaiaBS it alim hnlda iii Tflctlvlatic ■oe ha - 
»ica eince (in unit# vltb « = l} whence 


e 


dt 



In order to pstlafy ihie rclntioo ve mast #et a = - 1 vfaon (&, 4 ^ 5 b) Aod (h) 
hecoioe 


% 

dt 

dt 


- »(l+v 2 ) + Bl V V a 


- nv , 


(B. 4 .ea) 

(c. 4 .ab} 


¥e Bay note tiiat (Q. 4 . 0 b) la uncban^ad in the Nevtonlan Llnit, while ( 6 , 4 . 0 n) 
reduces ig the Nevtoaiao reault aa v 0 , AewritiitB (D, 4 .Be) as 

^ f 5 

^ _ m 7qp - VT -^ipj 


we Bee that th# tecaiid term cbh h# wlttcn aa 

Bv>f (x ^ 

and ia olvayB ct right oxkglea to the motion. Siich b force dk>cB ma worka 


The tern to vr * 7 ^ componont at riglit Hcglen tc the direction of 

Botioiir The only force tem vlth a eeapoEtent at right onglea to the direc¬ 
tion of Bkotion le 

- a(l 

and so we do indeed ^*t twice the deflection of lights on epplyiiig 

the trcfltwnt given Ijo aection !,&« 



SELATIVISTIC GHAmATlOfWl- 




W* 1*7 thut Inf AT tlmt should be written 

ah, 


*' p t-m ^ “ "uy ^ **«' ^ 

■ V BV 'W « fflV. 


dp 

* 5 * 


u V 


(6.4.7) 

P V« 

for the CDS* of * *BOorol gTavitotiooel field. However, while ie ■ fout- 

vector, li i* differootiatad with roopeet itio time, and oti the right Imsd aide 

w* hove a* ^ 

^ ^ U_ V 

= "ST * 

Thui although thi* «iuatioci ia attraatlvoi wo oaat ioo if It 1* indeed Loroiit% 
toVMrisnt^ m^y write 




^ — 

iH " dT dt * 

The proper tljais T i@ on iiaraeriont and bo ilpp/*T le m four-TSirtor. With 


^ £i 

dt dr dt 


we hove 


dT'^*vj 1 

dT * dt dT L ^ Ip ^ 3E|^ J “ 


The qunotii^ HI ia the inortiel mos of the portiiili and 

M = fiT (1 

We can tlierefnri write (Se4^T) In the fontt 


so 


dT 

B — . ntl. 


'*Pn “^U **’V 


dT 


a 

o dT dT 


] 


(B,4.78) 


wbioh in indeed sioDitoBtly cDFarioint. 


We may dnw oalcnlftte the occoloratioii ol a pnrtielo la * ifrirrltotlofiol field. 
We hnve the equatipiiB (h.4.9) i#hich glvt the rmt* uf change of eneriy and 
noBeiitim niid Dinat coinbin# thent anting that henwiiBO aiaaa increneas with veIo— 
city the tfoto oi change of vaLocity will faa l*aa than th* rote of chimge of 
■KMientiiB, Given 

p = Ev = n-T 






Biid 

%m V 1 o 


i* ^ - v. 5 « + T^l.lqp *• 0 


(6.4.B) 
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jm HELATIVITY 


Jkit In thft pirnriotifl found th^t n G<dLAijtfeiLi AfiBoription of IhA 

propagoiioD of light In a graTitotioiml fi«ld oonld only bo obtiilDiea %it]i 

0 (£ # 


d m “ 

qp n 


or 


4^ 


iriih di 


1 f«F awiiy froD tho Bourc#, 




irltJi 


ID 




i, Sanoo 


52. 


C , 
-up 


0 


at 


dip 

lit 


■% 


iv 




Tqp 


(a,4*io) 


uid thifl rC'inilt ahoald bIoo liold for o lurtlclo in tho llttti T '» o . E^i*. 


( 6 .. 4 '.&) oad (fi« 4 , 10 ) are -tbuo ipconoiiotont. 
i^aod in oxtrootii^ (b. 4 , 9 ], 


tp 

W# Bust OKBEHice thd BOPUvptlolIB 


Ek|tuition (6.4.0) wBi eonntnictad fmn (bo*.?) , uoiofl £ ^ Kt* E^. (5.4,7) 

it) tum 6opcDCl«d on the Idontlfioo'tlon ^= -1 . TIue wa obtuiped by ImlotH- 


■inj f.Kn t. 


ctE 

aT 




wbioh in turn anpendod no %h9 rolAiion 

E® - p*** 


0* 

o 


Ill opocial relntirity the relation p s yields 


B = 


u o'" 
_ 0 


r. 


(5.4.11) 


1 21 
M 1 -"F 


Ibijf relotion glTOfl ua th* cilac to the ffonrce of our indoasistmoy, for 
(5*4.11) i^liM T In o nmvftot^oiMii fttia «« Clitd thn IocaI 

velocity of light 1* rfetitidea, and vo hurvfe no hope of flDdlog the uao loiwa 
of phyEiOf] in oil freely fnlliiig friLpee if particloB oun outrun light in d 
gi-BTitationnl potential. If m# nobatiiiitife for (5.4«ll) tht rolotion 


« 


£ 


iC 


(S.4*lSt) 


the nexinunt parti ole velooity ±m then o, 

- p^o^ 


qp 


sloping 




ve obtain ( 5 , 4 , 12 ) by aetting 

£ =5 hEt = (l - E v 


(5-4*13) 


nnO here we nre departing frciii fDastllar epaclol ralntlviiy* Itien 



RELATIMSTIC (iRAVltATIONAL FOKCHS 


« 6T 


dv 




% 

dt 




dE 

it 


!Jt 


dn 

it 


90 thfct ttt tirmt ord*!- In thr pctHiitijil ej] we have 

^ ^ ^ (1 ^ (0*4.14) 

v-$-- 3 V^ r . 2 (f 

which indeed ths ocrrect flocelctation oa v -• 1 sud we have at leant 

eBtehiiahcfl ooiviJtaney with Ski. (6.4.10), to fli-at orOar iJi ip, and have toe 


equntians 


^ m - Ed+¥^) Fiji 4 Ev V . Vij 


dE 


(6.4.15) 

5t " - 


together nltll new klncnatlc equatlona 


P = 

n Br 

(5.4.16) 

which DBy bo vritten 

n n hv 


E = 

“ 0 - 

(fi.4.17) 

•fl- n® 

t■^i# 

the second of &ia^ (S.44T) 

ihoWH that the quantity n 

la playing toa role 


of th* inertial ohm, The iiiteir|>rototioii of thsme e^nDtions fa hewever o 
little JDore eoiylicftted ond it ia iuBtructlvo to oo»old*r the elfeot of the 
{[rsviLationol potential on the pi^yBici of 0 ftnall regioo nf ej&ocea 


fi,& The gffectB of local foreea 

Coiiflider a. p&ftlele in o «rttv(tntipiuil field whieh t* o^tofl on bjr »&■*? 
erbitrory force f , lor tMipl* an electron in an otoPa The oquatidiie of 
Botioii or« 

^ c= - E(l +ir^)2'qj + Et i + E (fit64) 

s _ _ .^EP + T. F . (6.6,3) 

II P= d then to flrot order la ^ 

■Bie quantity B(ltq)) to conierred to ftM fell. Similarly, to lirot 

order In 





GRAVITATION AM3 TffiliATIVITY 


mac* 


d 

at ‘ fiz:x-5<p= « [p(i-tf»j 


atp aqj 

dt “ n“ 


llilfl mggeptp thAt idi*n s fc^rvA F im Aciinf sluealil vrltt 




T. F 


(E.fi.3) 


file i|Ujiifltrity E[1 + Cp) it th*n a'diiiii -b^ the eatr^y ia bo fur ba tbs retiKiiiee 
to loMl fioldo 1« oooQornoia, In tbe ahoonco looaX fiel^o other thon 
grairitotioa (tbot Is^ tn free foil) tbla^ quantity id iroELee^rvod^ oomspoat^io^ 
of coyree to the oo^nneatlon of poteattol and kinetic energy^ 


tbii IdontiiioatioD tello uo that If lower a lyetota gently on a otring into 
a groTitatlanal fleld^ ita unergy gaee ae 1 i ihie t* the itlontifi- 
oatloD we itede to oaloulata the red^hift for NowtoniDCL gravity* ke therefore 
write the energy of i p«rticlfe of velocity v lo ft patefttial^ ^ M 

£ - E{l+(ri - . (8.S.4) 
^i^allor reaooCLlbg auggaata that we nay alao write 


^ - E(l+ir») 9<p + r 

nnii If P U large in eaa^riaaa tritb tha grarltatloml force the itiiaatity 
M P(l^qp) wqnlii than act aa the Bonentiun of the paj'ticloi iteadily lour¬ 
ing an atoiitic ayvtefl iQtti ft gravitational potential changea ito rafl|iftiiae to 
the force au4 we get 




"'.'1 - aV ^ ITZ^^ ■ 


tS.E.E) 


We nay Intorpret thia as giving ttd a real kbmo ahieh ia deppodont 
gravltatianal potostial 


D ^ la (l - 

0[p 


an the local 


Si nee ip i« nftgativo^ n^ee Inoreased in a gravitatioDbl field ond indeed a 
particle my bo ilovod down despite Ita increasing Domentum 


With these new definitlona of energy, Bomntuia and rest unaaB, wt find 

% = “0^* " ^ + 4 C^fl 
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tp bp with 

r^pt nmes- 41 l«rgyi 

and of cpurae 


E quantity 

Father 

E® = 



tp 


ji )» acting ftfl tha 

(? 

( 8 .S, 7 ) 


Ttjua all ihi kinvNtic fomiUa of Rectal relati-riijf CBwrgo « haing iDcally 
tniB in a rcgioi) of apBCO wb«r« n <Iob» liot change p«jrceptlhly> 


Ve «iai aI&o vrite the ime-full eqaqtiptlia *U 


dt 


S(1 +T=^) 7(g - - E^(l , 


tfl firut wder in $ wbieh with 


^ . 

ut 


£« = 


*2 


yieldfl aguln 


dy 


“ - (1 + Vq? + T 


where the lest terw ooaes froja the wwiation of with the potentiui qp» 

The identif lent Ion bi„ w ifl^lies the exiiiteiice of Becolerotion 

depandeat faro«e in B (ravitatioMl field, idiieh we have not built tn. We 
return to thi I point to aection 6 , 6 : we may wonder whether inertial hasb 1 b 
in fPBt due tp the groTitatiunel potential of the unlwerae (Much** principle) 
E4] . 


6p6 GrawitotiotiAl deneetlon and arawltatipnai rad^ift 

We hove npw focnactled the ppparentlj fljauprdnJit oheer^Btl-piie that the 
graritatioMl redhhift li founfl to be in accord with ilwentnry roeBoQJjag, 
while th* g.ravit«tlonBl defleotlon ol liftht Ia twice the QAiTO tbIuep The 
force iciln^ on a partiole hae a r*la.ilvl#tic term: of order one 

piece of which aoiB io Ihs direction of -9ip end iJi* other piece pf which 
acta ikionR the poth df the partlclft. The RroTitetiqiiftl rtofloctioii ia to 
that coDpoiient of the ioroe which t# nnriaal to the path and this i* uniltlpLied 
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C^mATIQN AND BELATIVtTY 


by B fsottkr (1+^)^ gl^ng tht requLrfrit fnctar ol 2 Ln th^ d^fl^ctido of 
lightp ka mivanttd tatitor £o the tuBfgy (s fa^eauHe tti^ tvo pUcid 

of tbs Fel«tiTi«tie eaFTectioR iaktn tqgcHier alvuyM act- «t right ta 

ih* iBotiion ud dq do ml offoot th* siiFrgy^ 

If Ttfe ftilopt a vavo picturo for light iq our flat qpaed oe-ordipotoa Vii laj&t 
nFgDB |q the folLoifiilg vay« Tins gravitotional potontlal aefp oq a dleleo- 
irid, oud io a tiosc iodoptmleni irwitHtioafll fi#ld th# dielectric coDotBat 
ie not explicitly tine dependent. Ccneeqqently the frequency ti o conetaot. 
The frequency vith ufaich tbe light ia emitted Duet Cberofqre he nhifted hy 
(1 Far a Concrete exoit^lef doppooe ve lower an electron and pa ai Iron 

into the patential. The real energy of the pair ohangeB by + Satting 

bv ^ bc^ we ftes tjiat the annihilatioti iihotona are ahifted ixi 'Cqiorgy uidp fre— 
qnenoy hy (1 + i# with reapaet to flnolhilation p^otojia prodhoed ontBlde the 
potential, and do not ohange thair toiel naergy in falling freely out of the 
gravitational fields 

The frequency of radiation proceed claaBitally reflecta the freque^icy of the 
oacillmtor. Ife met therefore find that the frequeacy of an oaoillatar in o 
gravitational field io redkiced hy the gruvitatioiuil iiotential: for a oonjla- 
tent picture clorka mn aiower in a gravitotioiial ijotential. In both the 
tenaar and acalar theariea ve hove diocrueeedf the neebaniam: vfilcb arraagoa 
thlfl alflo affoetB the lengiha of Manuring aticka: gruFritatlonal potoutiuls 
dlitort the inetroBonta we uie in surveying rafcrouca fmaes. Thla ia the 
Buhjeet of the neit ehaptar. 
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CHAPTERS 

THE DISTORTION OF REFERENCE FRAMES 


0_1 iDtrodnctioii 

Id ih9 Last eliiipt#r fo>UDd t^at a tat tonal pot anti al gbangev the 

velocity of Light io that 

c 0 = o{l + 2m) 

qj 

MeI ftlao cbangea the reit eDergy of ilD qbJ«Dt 

E ^ = E{1 + CfO 

ih* lattar ralatLon loplying that the freqnEzicy of a pefiadit eatiaa ia 

choiigeil by a gi-avitatJoDai field 

« ^ * cp) 

■nd hence that olacke are donD. 

If we wiah to eliFTate thm pTWviple of ei|nlvaJ.eDce of iaartial and gnvitm^ 

iiooal Baes (porltapa better celled the principle of tmiqye gravitational 

accolaration) to a principle wbteh tfiataa that 

^ In all loealisod freely falling fTameB the Ina of phyeica are th# 
Huae, horeata covariant and coatain th« aaiM jiQ»rlcal canatantR 

then we muat find the «aw numerical valtie for th# valoclty of light In any 
fraaly falling local frainei Ear avny fron the aqaree of the gravitational 
field we me a eloek to tine light over a path in tfao laboratory laeaaured 
with a Beaevrlog atiok^ Ihe whole Laboratory ia now iidvail daap into the 
gravitational field andi the meaeureHent repeated* With reipect to the refar- 
cnc* friuie far away from the aourcct light baa bean oLowed down, 

c - ^ c(l + 2|p) 

and tbe olocic haa been alowod down bdt by a aiaallor andunt is The 

velocity of light .ia detenslned by the ratio of the lezigth of the meaaurictg 
stick to the nufiiber of ticka N of tha clock while light ia travelling from 
one end tq the other, N ^ 

f ^Pfl 

(p 

^ L-L^ = L(l+qj) 

then . 

^ L /f n \ 

— = - (l + B q;) 
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(mVITAnON AND RELATmTY 


tind ibc iD€ftflurlqf stick is cciiitrBEted bo tbot a oKBonrewnt of 

itttndard BeniuriTi|[ stloks and clocks Inoroed is ttw ssrc field vtti 5r|«l4 

A’ 

the SAfflt nwcrical reswlt for tlie Telocity of light os bo iiSeotioal oxperl- 
flMQt perfonKd far from the nonrcc of the potBotiBl , 


Ao altemotive vay of otatli^ the aeKc rOAult is the followioiE. We have 
ioferrefi that BtoKio clocks viil be slowail clown^ ^ Hio(l A olock 

coold oIbo ho cooatrocteO by houaciiig; a jiulae of Light hackwariis forworiis 
hetween two virrora of know aepai^tioA* If the laws of physics are the sane 
in ony loeol frocty falLic^ froao, this cLnok BDdst Balntaln synchronieio with 
an ptotalc clock am the psir fall iuto a gravitational potsstiilj LLj^t is 
alowed Oaw^ C ^ c{l 42 ^) and so the Li|^t cloclc will ho alowed dawn hy this 
Bmonnt ELUlSBe the strocture linking tba nlrrora shrl^s. 

If h -» L{1 4 jqp) than tii|^ cod the atcffiic and light cLocka Hasoro 

the sane local elapsed tive* 


Ve vast therefore examioa the phyaice of atovs in a gravitational {wtvntial* 
Wo S 3 c|^ct to find that atonic frequencies and dijnenijons are ho^ changed hy 
a factoT 0 ^ » 


^.S AtoBts io aravitaiinoal fisldsf the change of acale 

We oanaider an atcdi deep in a potential {p and Ignore the groTltetioaBl 
force (which we con alwys do hy having the atoiB>;ln free fall) and the tidal 
forcea idtieh for an ntov Bhould be uagllgihle. We then have for the Donen- 
tU9 of a particle of ma§a m 

■^{1- 3j;p) V 

ViTP^’ 

and HI ■ The change of hbeo alone la sufficient to ^hjing ->i the 

Cp 

atoisie strurturc in the prssMice of a grovitatioiial poteDtlal^ hut it cannot 
he the only effect. 


It is adequate for our purpoees to use the aisplo Bohr aiadel of the mtom^ The 
aquations goTeming atoSEio structure or^ 



r 


and the Bohr condition 



r 


E - J * - 



r 


PT r = h 


(0.2,2) 


(l< HQ Kor* ooRBtruotlne a clQ»ical aodeL, (0>2,2) ik»l 14 be repLoceH fay 
■ vr s eoaataat, QaaMwatioii aI augul^ Mnaentuia,) 
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THE DISTOBTION OP 


Tbe charaet«ri dinuiisiiiti of tlio a too , tbe Bobr | 



fivaa 

(S.2.4) 


We ^xpedt tho olaetric fiifia tfcmt h^ldti th* ntm Lagether te hm imdlflei hy 
the frevitiLtiDiial pdt«RtisIt for the elecircnBfbetic ^nei^y’HUwntuii teneor 
CDQiiled to the jratanilal h^ - The effect of thf * oouplijig oo electro- 
magDetic waveB Could be roprefl-onted by etn ■slfeEit.Lvc fii-frftctiT& l^ndex tiHl—S^, 
We ol«o knnv that the «I«Dtroftt4t io energy of e aystOB vojjee ae (1 i-ir) Iron 
the iStftvtfe-Dicke experiiwiite. The eflergy (leMity in en eleotrie field tn 


and 


V, (e^ i 4 ttp (a- 2 - 8 ) 

In ciaulcoj elDCtroMignet ic theory * Then 

W- “2 

mti d the eoergy ^ i.t.orHil In ■ siyetoa of diBeoelen r Ib 

e ^ ^ , 

cr 

Such a iyatEii coiiLd be a capacitor^ or perhapa an atojBlc nuoleuii* If We let 
e take up the affaet of th* graTiintlotuil poinotial on a glTeu flald theis the 
effect of e together vlth the ehncige in t ceoieed by the graTitatioual 
potential poat ftupnlatlve-ly ohange ft by a focior l[l + 4^) * If therefopo the 
diinenaioTiB of e phyaicBl objaot vary Bi + no i^a hare guesaedf then 


c = 1-2 Q} M 


(§,2,7) 


2 . 

EubFtltPta thip fa<nor in tho o^uatioui iSeflcrihing thn atiia by replacing a 
by aVc in Eqa. and finil 



We oleo nuet roploae a by ■(!—3qj to find the dimenaiatia of the eleotran 
orbit in the pntantlal 9 and find at ua«e 

r^ " (i + qp) 

ae VO expected. We alao bwo ^ ^4 

g ^ ^ i (l*qp)aa* 

and *0 bore Bohievod an flutirely oontietent piotnre. 
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GRAVITAIIDN AhQ) REMTTVITY 


We uy Dl» iwjtc that wUh megaetic energy dwiefty given hy 

UH_® 

Sit 


{ 6 , 2 .a) 


an d 


idiere t 
fluid. 



La tk« Vl^lo*lt 7 of ll^lUt far froa tlia lonrcB qf the graritnilfliial 

T* 


and the BiignetlO eiaflrg;y tn df e systeifl wies RB 






(0,2.9) 


With f-(l+tri end T-* i*- (l + Eqs) , then if the wgiwtio 

energy nf a roal jiiiyaieal ayatem ia nlan to vmry bh (1 +c!^. ¥e tharefora 
find that we have a aoi^lataly aeneieteat pintnre If ve set CBli-i-Str 
this Borenver yield* the affeotive refract It« index we regal re far aleetro,- 
ju^notio wVRig through th-i rolntioa ^ 

n - •fe^ . (S.8.10) 

Th« qujntitiei t dfldi play th«ir JtmAl raloR for both etotlc fields oud 
upd pn ptomio tyBleia ia iiideod Bhrimk aud iloved down rb It i* 

lowered iato o pphoricislly irjTiBetric gravitfltiunel field* A oapBoltor 
ihrinks BCkd it» oleutrl* flold io diluted «o that t ^ (1 i-qp) and vo infer 
fro* the B5tTlffr-J3icihe eiperlwwte that a pncleuBg hold together hy forcsH we 
hore act coDflidered, BhriDki in the aatte waj* 


In our origi-fiel attemptB to ORlculRte the doflactiou of Light in o gravita¬ 
tional field w« followed two opproaohea which gave the eaae ranlta. We 
flrirt adopted an on axiom the prinoiple that light travola in straight llnea 
in ft freeljf falling peferonco frane- Secondlj we oraluate-d the defleortlou 
by ealculating the change of momeatu* ihie to a Newtonian force * Itteae two 
approachaa gave the sooM! annfer» wrong by a fnctor of 2, Wo cun cow aeo 
thot with the plctuTO of gravitation w* bavt dcrreloped light in daflecteO hy 
twtoo the Nawianian uouut and yet atill tmvela In atroight linoa acroea n 
fraaly fnllittg box> A ayat™ of meanring rode ia dlRtortad in a gravlto- 
tinoal potonttal «o aa to rmaove that piece of the aurvature of light that ia 
not rfiffloved by the gruvltatienal aueelantion- -An obaarver located in euch 

a refaraDca fraiaB Iuih bowaver no way of dotettlTig thiq dietortloni 




THE PISTORTION Ot^ fSAMES 


In ft iliiitonaF Ak ilit jtrftvltftttoiinl aft fleet too ia th# tenasr theory 


Eblf of thie (Siftappefti-p if the reference frame ift falliiiA freely. 


Nov the apflectioo (e,S/ll) !■ KAiFiireO with roepect to fto unfllatorted r«fer^ 
oiiae frnaie a large aiataiict from the Baiirce of the grori tat tonal iKitoaiinl^ 
CofiOidtr a ho* which when oarveyotl in ttale Olyn^iaa T«fer«Jiae froae U comical. 
Toko tha anaw hoa anA tmii&rpa it in iha irari ta t loiul potent ini ^ Prop the 
point of view of the OljuTion phaarver^ the hottom ia etminlt mre thftn the top^ 
blit the Xoaal ohierrer tn the hoi hot no way of that hla cfcrtifleA 

reetongular frane ia hoot like a honana. Ke eotmiE th* pnon number of otoJiic 
difipMtera at the top nm at the botton, and ha fiiida li^it ta^ea the amst tlno 
{aa laeBPureti by a local dork) to croiR the bottpii aa to oroaa the tep^, If 
thE hoi Ij of aide Ah iti the Olytspian tranw then the top la at a poteotial 
CD* and la of aide ^ 


and the bottom ia of aidt 


The dlatoriion of a naiirlnaliy raaten^Ur box 
hy the diffarential ^irliikiiijt of top and hot ton In a 
^pvitatioual field 


fhe BJi|[la between the walla ie tbua 


If light ia lAunohed at l^Cr to one wall in o freely falling fraPE it implneoa 
oji the other wall at 90 °* The local obaerrer thna claimp that It baa trnr^ 
ailed throng hie referenoE pyateia in. a atmight line# The Olyn^lan obaerrer 
agree a I and oonetmrtB tha gravitatlorbal deflection of light tp hi pbeerred at 



76 


GRAVITATION RHJITTVITY 


Lorg-cr from th« ACCelfunttioit of tbfl obs^rvdr pluj the distortIdD pf 

the local frame, 


If the local frame is tmt freely falLii^, Imt ie pt r«at^ the local ohacfvcr 
ace a defiectien 

GH 

Aa- Ax-— 
r^c 

end viU observe ti reading GM/ on au acceleroiieter. Thoie obaerrationE 
are la ecoard; i^ith the abaarvatioCLa that lipalEi he made ia a apace vehicle mith 
the saiH aCceleramcter reading, li ii tbua the diHtartion of meaBuriag rqdp 
by a gravitational potential that haa iniroduced a ntrm feature and baa allotted 

“tr 

Ineally equivalent phyatca in a grav i tatianal! field and a apace vehicle and 
yet t^ice the originally expected deflectioD of lights The flat apace caardi- 
date ayatea have heeti irking in ie perfectly i^ell defined, hut is titiO'beer^ 
vahle in the cqnteart of preaent day phyaica: aa ^onld need Eanteibing like the 
hypenuivee of acience fictiqn ta detect by locai MeaaureDieiita= the diaiortiad 
of atandard rpda and elocka« 


Ve Hay oiiifflina vhat ifoiild hairpen vlth althfr the ncalar tfaeory nr the Ninftonian 


theory by vriting fur a epharioal flold 

^ GH 




V« 


m 

cp 


0 

m 

r 

D 


0 

m 


r 

0 


0 

0 


K— 0 


^ / 




-vhere a w *1 for the teueor theory^ a o-l for the eealar theory and paO 

far the Nevtonian theory. Then Bqa. ( 0 . 4 * 6 ) becane 


dp 

- H {1 + B^v^) - aa n V V * Vqp 

dE 

— a 


In order to 


oati afy 


the relation 


dE 

dt “ ^ * 


dt 


( 6 . 2 . 14 ] 


we siiat eat a I when we have 



THE OF HEFSIENCE FRJ^MES 


77 


— = ^ in(l + BT^) i* 

dE 

T* A ECBlAr ttftjry thKre ii no lilAflecrtleo flf li|Eht h^nam* a =a- 1, We mj 
tli^T-eforc flBi £ - Et (Ki^ £bpEv ifitli asr l) Bud find no ficrDfilOratiaO 

Bl V — 0 , 


In tins BCAlar theory tborefore h^vp 

Z^= E{1 

e 

“ £(1 -“tp) ■ £(i *<p) 

C _ ™ 0 ■. 

Ttie noBB therofpFB ^ofto oIbo ■* nn^ i^sfr an aIom 

r- -^ , E , IB ~ n t** . 

Slaco Liflbl: i* iwt defloctod the Afftctin fifeiOctri^ feeQaiofiL iJi plAQillily 1 
□nil eo E, Ilf(i + qp)# fhit lengibi «r* cfjpond^d and 

elocko At'* aloved dotm^ Ve aloax-ly i«i tbo biuib ^B^ltatioiiBl rodiliift. 

Light BgAln SoeB atr^ight aci^SB a Craflly falLiEif boi^ be bobd by nn obierrtr 
in the box, beeauac althoogb froffi th* point of vieif of on Dly^ian obaerror 
Light iB not OoflooteO, the hottna of the box in expanded mar* than tb« top, 
inihiclng the oppoaite affeot Irtm that obtaining with the tonaor fioLd^ 


In the Nevtonian obbOi ve bxTa a=0^ We reqnix# 


Then 


and ao t 1 


£ a nEv = (1 - It » 
H Vqp + Si 2,-^^ 

1 -dt ^ 


which i« the porreet deceLeroLion, 


and B«t 


Vo then identify 

1= E{t > ,5) aa UBoal 

= (l~ae(J aEx= (l-#£ wjfl - (J-ed 

ej^= e{l 



70 


(3unTAnoTJ Am HELATrvinc 


WitJi £ -(1 - and m a pjfl - qp} tl» B6hr radluA imcfaBuged^ Qeic# 

fflore E ^ m ^ ne*® ^ 1 + tp* la th9 NfvtoalAn thiiDr^ [ui equal aiiturfl 

of ioDAor and EColar) tli^ra ii nc> disiortlaD of muaurio^ rods and tlie elptnen- 
tftry rftaaaninil of ChajitEr 1 mrrivas, Clooka^ af cnutie^ mr* itl|.l affeqtad^ 


fl,3 Thtt velglit of ail Btom 

Ve have heeb writing with the field# and respanaee of paint niBabEa-in 
tha laat few chapter# and have found tbct tJie gr«Ti iatidruiL field oataple* to 
tha euargy-maHentuni tanaart whiiih for 0 particle IntogrBtcd to 


vrv 


at 


at ■ 


In both the ecalar and tebapr ceaea the force ia a function of velocity: in 
partidblar^ n pertiola Adviug at ri^t ooilcs to ft flclil - ?cp aiparlincaa a 
force 

-Ml (1 I.tanaor eftiie 


-p (l-_2!ip flcalar cftMO . 


Va hftve tacitly been aoppoiiitg Uiat o oaetpoaita bqtmd aystep like an atom 
bEhaVE# lb the pppa wfty a# a particle: Indaed it ia clear that tbla caiMt be 
the Cftftc froo the ^tv15a-4>lcko experipenti. Ib particnlor we #aw in Chapter 2 
that the gravitational and iDcrtlal naHaea BBeocieted with the kinetic energy 
of tiiE qucleona in a nuclaua miat bo equal to withib 1 port In t The 
typical KiPcntuB of Jiucleona in a micLotie lo given by pr, with 

'^I'r 

r iO * Ihe vciooity of aach a uuciooD ia cm a”*^ - The 

relfttiviatle correction to tha grvvitatiqbBi force, acting on auch a onclapBi 
clearly doea not aenifaat itielf wfa«ii tbe Ducl-Bon is bound: iaiaathliig; cou- 
eelft these tenaa. 


We have a bint es to what thii could h#. Coneideribg only free particLea^ 
we postulated that the grwitotlonal field eouplea to the conaerved energy^ 
fflaBenttiA tebsar, ^H»w tbe energj-^aoiiientiu!] tenaor of a little piece of a bound 
ayaten (like a nacleoci in n nuclaua) is not canaerred* Hather than writ# 


we HUfft wito 

where ST fm the foroa danaltyp 
aneh that 


ar V-“ 


a - - 

a, '^yy ^ % 


(e.a.i) 

The conaerved tenaor will be acme conatruot 



TSE DISTORTION OF HEFEEENCE FRAMES 


7 ft 



mad if ia to Cdnpla to m ooRBarred qaaoitity, it i# to 

it umit 


{6<3.2) 


M thnt 
IJW 


For It RDoleon la a jccueleoa, tho kinBtlo ea«rgy ia dot CDDiorvod.^ but th« mm 
of klmtic and potoutiaL oDorny im oonsvrr#0£ It ia to thia iliai fravltat^oii 
ooapLeB* VAiot ia tho analogy for oanantiiff 7 


CoQaidar tha cnjolaona in a DaoieriB op ■ gap CsonflctPil wittiin m boa» 


pillule portiala va havo Eq^ {6.4.4} 



U M 





pv 


Fo r a 


For dp/flt we aartriict 


dp 


libera tbe tenu in -ti^qp floma froA and tlia o^er terpp ooiia Croa 

b - (i The etna of nucslwna la dearly not eqool 

li 1. 1 

to Mm, bat raflocta the mton pqiutre WBlocity^ Howeirerj tb* mu oiror all 
irooleaui of temff like lav.v. doaotae tlia rata at wbich momDutM i* incident 
in a ilveu dlraotion* At the wallP of tbe aacloor boj tbi ■ ? toOBoiituia i» 
mmed around by the prOBeaco of ptreae In the wallri (external forcot Nfl far 
aa naclaon# confined in a box are conoemed). On Integrating o^er tbe whole 
Tmclena the otiia of the praflour# exerted by the' nncleoae end the atreasee «n^- 
fiaing them aust be xero for a bound eyatm* For a ayete* at reat the paFtl- 
ele part of t« presaurei gravity couplea to both tbie and the 

rtreaaaPf aod on integratlQi to get , the two pnrti caticftl for a boimd 
eyetm* 


We can pot the whale thing In a plctaroAgna form by coniidcring tba equation 

z - Hi(1 +0T*) + F (0,3,3) 

where a ±= +1 for the tonaor thoory, and -I for tbo usalar theory for a 

partitrl* in e p-avitatinnal field. flie force F reproHente the tapring 

faalenoe' from wliieb ii la hung: In eq^uiHhri™ 

F =• a(l + aT^) Vip * 

Confine a gca of Buch partinlea in a hoi of TOlupie V ^ L*t there bo n per 

wiU VoXnne, Than £ » n-V(1 + b v^) f ip (6.3.4J 



tmvTTirroN jm miMvrm 


ao 


if wp take no aceoynt af atrcis- Ilio term nmv^ gi'^^p tba pressuro oxortod 
OD tbo wiLlo niD V^ ^ 3P- 


If the b(;M im loiferr«d qc infinitoainal dlfitain^e Loto tba poiitatiBl its piz« 
chsnjieB {froo tba |wi»t of vimv of tho OlyiatiLoii i^eforoiioo frsdii} sna cotioe- 
queatly 

V V(l + S B or i V 3T o 


xlnc« h 


IIUZB 


L{l 4 4 4p) in B fioLd. . TIioiL 

F iV = nm a V iq? 

■ flV ^ 

JF . &x ■ ■^na V ix 4? flV I 


(a.3.5} 


repreReata tb? wrif dono In moving on iniiuitoxifiiiil diatoBfio It la onlj 

the first term on the right hand lide that corresponda io voight^ for the 
second term la oouotlled hy the atrfrBsee that linld the ooi^lex systen together^ 


By nek trig meeaureinentB in a iahot^tof?^ with in Vbieh the grovitatlODAl potOD- 
tinl does bet rery significantly, ue cannot distingnlsh hetiveen the MCOlBr 
Slid tannar tbaarieef or indeed any cmuifainB'tioti of theis^ It la only hy amkieig. 
HeaureDentH of reletiiristio correetiona, orer h region of ipece in whiah tbo 
frarritstiotiBl potentifll chsiiges anhetantielly^ tiuit ve cnn piclc o^lt the 
correct generaliastIon of ^leRto^/B theory pf grp^ttotion^, 


fli-4 rrovariant oniiallona of Bat ion 

In a spherioaLly ayHOtrio grovitational Held we hii 7 e inferred thot 
the equation of Botion of a particle ie 

' dv d- 3x 

^ - (1 + v^) + 4 T V ^ 2^^ 

We would nice to find the coveriant eqnetiods correaponding to this. A 

crtioifll ingredient wbb our recognition of the Eloklng down of llghl tdiioh, 

again in a ipherlcalLy syaiBOtTie fields we were able to expreas by setting 

0 — where n = 1 - 2 ®- 

n 


In a more general oaiOt It le beet te etnrt from the manifeatly oavariimt eque- 
tlopa 


dT 


da 

n *7^ 

0 «T 


dx 

_il 

dr 


_x 

a*. 




’S^^'^pv} {5.4.7a)(«.4.l} 


which ve derived In aection &^4 n& a remit of sotting 

abd = Et 


abd 



THE PTRwntTTnw qf FHAKES 


B1 


togetber wit|] £ ^ s vt hAT» alr«e<^ b«ea forced to 

In relatiristifi mGcluinice th* jaafflAntui&^Anorgy fonr-Teotor ean be written 

^ = fl> 

itx. 

Pi " ®d IFT 

Vitb j ddnti finatiob* we day wita 

dK. 4ac . 

^ ":r? m - nf 

Btiii 


P- = “» -3? % 

- B m -Si 

® “ "s At ' 


"P'P 


s [It d’T 


41. 




the itendsrd resultn* Haititain tbeee IcWatlllcatiCiDa dJi^ write 

Ox dn K 

-« 

dt 


p p 




Thle 1 a a sat dl four equntloEifl fren wbleh we cbc extract the iccelcratim i 

(ti 4i , 3 h 


dT^ dT dT ^ 

d^x. dx Eix r ^ 1 

_^ ^ _t± _v _ ±i\ 

dT^ dT dT I Bx* ai J 


Nbv 


Vith 




_ _d_ 1 dt ^ flfi " *1 fliY 
" dT I at dT J dt ^ *.5 Ut/ 


dr^ 

it va obtiiEi 


d^x 


VdT/ dT dT I 3a. Bi i 


dx da . , 3h 


an. 


di. dx dx I 


which can he written et qdce na 


Lui, U 4 wji. I ai, 

<Jt At AT ^ =*4 i 

a~a;. va. ux t^BIl ds ^ _ 

_I,_^_yj_tii _ 12 f r - 4V > _ i ] 

- dt at I a*^ ** I a®^ " a»y I at; 


(a,4.3) 


Special lee to the time independent epherieelly eymetric field and find 




{1 + T^) Vjp+TTByep - iv 
= - (i +T^) 2 tp + 2 v 


dx dx ^ 


dt dt Bx 




(0-4*4) 


8 B 


mAVlTATIQN AMO SCUTIVITT 


wbltili la eourfle tbs w« obtalne^i aetticif £ ^ ( 4 - 4 . 0 )| tftii«h 

Ire f^und Ut be tmiiiiittefactdry. We jni^t laodiff tli« ^juasotic ibqoAtionB a 
ODVBrietit vny. 


L«t Ufi lc«ep the relation 


p n ^ 


And aet 


0 
djt 

V 5 ^ 


We eeo frojn (4^4«9) and (4«4.4) that ve ii«od to obtain eqaatioiiB vbtdti 

look itiocthii^ like 


whloli it aqniTalmt to 


Iheu on d-lifaTaQilntliit the DHjBCQtmn vith roepeot to t f ve hsvB 



:!!is 

ds 

'1^ i 


dT 

dt 

1 to 3i J 

P 



Its 

, 'J, 

f ^ Eb 

^ w fiy _tie 

drS 

dT 

dT 

L157“^7^ _ ^ 

P u V 


dT 


Identify 


pa 


+ b 


X — 


and obtain 


_2 

dT 


dX 

■ —ilS 

Q OT 


t ■ 


ilbc dr d ^ 


o dT dT 4x, 


pa 


(S_ 4 
' pa 




d*i ctx cU 

d-H ^ 




(6.4. b) 


(6.4.6) 


Thla in a nionlfettly Dovarlant equation, and diifarv ttium our aetirod for» only 

in the oooffloient of the nuantUy ^ To firnt order In b w* 

a W 

olearly obtain t;^# equation of tttiLqn we art limking torr Hie oorFectioEi t-ona 
oil the loft hand side oorres}»onds to nn noceleratioi] flepondoiit four^faroai 
detemined by thi dS’dritationnl potent i el« 


Ve are now happy that the oquatlQii of notion (5.4.14) in a epberioally ayp- 
oatric potential charootoriiad by qi fip to first order in <p, obtaiaablo fron 
a respOdtable aenaral eqnation. lat us £n7«stij£Bte th* laiplioations for the 
imorAy and oofitentum. Ve haire 


ppPp 


o 



THE DISTORTION OF REFtKtWCf: FRAMES 


e3 


Theji* art BJHiifcatly flowriimt fce majf writ# 

dat 

<Vo^"^ TT * 

In the reiAilvelj^ siiapl# cajt« df iSiagi^naL we hw^B 


Tlien 


Pi = -57 

P - 




eH 


and if v# htivt , %tmn 






which BgwiD a^red# with our prwiou# Idcntlfidutiadi#, A rdlated, but Biuch 
Aore dOKplioated dquatian would obtain for gdneral * 


It id worth ooting the iopllcatioii of the relation* 


dx 

■y 

% p I? d'T ^ 

Thaee eiiu only he trucp With di^ an Olyn^ian frase icnrariaut, if 




V «J3t X_„ I»r^ = _ dT^ 

'po o pa a 


(fl.4.t)l 


^e recover the atandard kinatiatie relation# of ■pecial relativity on effect lag 
a redeflnitico. of i^nordmatOB 




dx 




which iBntchee with onr earlier idnntLfloat)on■ + and 

for th# tliM independent e^pherieally e^iKctrio 11 old: a length L ^ le mea^ 
enred in the Olyn^ieii fraide and id [l + Cf^-h where L ie wenFored very 

far away fron the source of qp p The quantity 


l D 

la X. (to firet order in * Vrite Eq- (&*4^7) in the 

1 . QT QP ^ 

fom 

(1 ♦ ^ - (1 + At* = - d-r® . 

If (Pt)' S' {] as It ia fat- Lluht In BtAndArd apnclnl relntlvity, th«n 



CSAVITATIDM i'® HELATinTT 


S4 


^ (1 + m) 

rally 


for tha tcvoor theory « 

(l + hjl)* (dt) " * - ^vh) 

it 


So ihAt 


At 


ii 

Vl , (t + h.j)^ (1 + 1 ^\-^ 


{fl.4,e) 


«hicfa Is tbe ti«ual tine dilation rcault aodifiad by the faeter (l + Jij,)”^. 

Tl 

We may olaa tiata that With ^ iP 

(l+hjj)* dr® * + (1 + 1^3)* - (^+’•44^* 

for th# ease pt h ef^^ppol hut Trot necessarily 11 S]^hcrically eyndetric 

fielda The Telocity of li^t in the x directlnn ia tiot neceapiaTily to 

tbe Telocity of LigJit- in tho y direotioa; it ia clear that a eoiwiero 
affects len^he in x nnEl m* Indeed ift con eae that the acalor^ Nevtonlan 

aod tciiAor thoories slow clocka Aowtk in the Bone my the 

Nevtonion theory Leaveo lon^ths unchoOfred « O)* tensor field ebrlnke 

len^hA =*»qj vbile the sealBr field expondp tben ^ p 


We may now proceed one et«|P furtherp If w write 


end 




‘‘t'a 


dx 

f 6 + 3 b ) m ^ 

' pa ’ pa^ 0 a-r 


di 


dx 

B - 

n Ot 


dT 


we ahtaio for the acceierotion ef^natlonfl in free-fall 






dx dx d 3b 3b«.. dh., 1 

_Z£y _ up I 

dT dT V ^ ^ ^ J 

P 14 V 




(a.4, IQ) 


{ 6 . 4 ,n) 


which to firat order in give m once snore the equation of notion in a 
epfaericaily Bynetric field. The odraRtage of thia idontificAtioii Ia that 
in the absence of external farcoe athor than graritational the quantity 
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ifl conserred jj^ loii^ At vimisfaea and 


|IV 


Cbt 

(fi frSh. )iii —^ 
iCf 0 At 


(e,4,l3) 


1a can««rr«d ao Idtkg aa vanistieB, It it these quoiitltea that 

bebare liko inoneDtiLii and anorisy when c^arnAl fojreaa {far exaapLe vl^etTQ- 
iaa^etic forcem) are applied In the preAtisee of a ^avitational poteniial^ 
Far the aas¥ of diaganal h 


VftJ 


®cp ” J 




* ; 


Ml - (i+h^r^vf 


(fl.4.14) 

(11,4.11}) 


/l - (l + h^^)® (l+h^)-^ T® 


Clnr aaLanlAtienB In Chapter 5 and Chaptar @^1 ana aupsented by the Eanai- 

deratlanfi of tbla aaEtlaiii dwnsastrote the Bachinei^ hj which the gfairltational 
field iaAerta the eitra faetora aat contained tii apecial jralatiTtty» The 
cbanfea of scale toplied bj (8-4^7) ituat not he added to those caLtmiated with 
modified azpresiions for moBa and encr^i for they are a dlffaTent ■tataaient 
of the BAJne physical effecta^ 


0 .h LagraafllBK fortMllJ^: Bitoia for eagperta 

The Aonifestly ccYoriant equation (ft.4^11) eihediea all the reeulta of 
Chapter ft aud Chaprter ft, aectiena 1 and 2 in a »ra general farm^ This eqva^ 
tloR may be dorived hy writing ’the liirariaiit lAgracglen fcr a pariiela In an 


STterml grsFitatioiial field as 

Ehc dx dK dx 

^ o dT dt o dT dT fiv 


tO.B.l) 


and l««diQg it into tli* eovariont i^lEr-Lnaronco oqqatiDn (3.3,3) t th* acoeL- 
eratiou dependent fereea eetarge quickly ond nnturally in this forBalation, 
vhioh is based on the identification of the interoctiou 


b ZT 

]JV ^ 

with an lomrlimt Lagronglan doasltyo 


The modif lootiona to the equate one of elaetrod^iiQiics necesaitated by tbo 
presence of gravitation can also b« varked out fay au^ntlAS LagraaEiaii 
fonction for the free fields pics wnreoa p.] with an interactiou term, the 



taiAVlTATlQN AND BEUTtVITlf 


fie 


^rAVitfitloiUil pot>ontial ll caiiplEd %0 tin# enertttai ietiaDr of 

lb# elactranuigTietIc fitl^ [2,^L qppraisfib betli £AiiaraLia«H par reiulip 

tp the geaerBii tansor flelti 4fiil BuliDBAiically providPB odvarlACt ftqtkatippn pf 
«l6ctrpfi}FiuaBic:B in tlitf prfttt^ncB pf frAvitptipD^ th^ ara valid lor 

veak ^airilationnl fielda but cao ba pxteudpd to atrong riolda [ 2 ]^ yialtiiug 
in the Eiid Einotoln'B. thopry, 

Ht f arftiic cfl^ 

01 S«B tor eltaayfle^ Lp Lfindap and E.M- MflbitE.^ 'the €laefti«al Tbaory 
of Fioiita^ {Per^pinan, 1042) Chapter 4* 

[ 2 ] thirrlTifi, Aimols pf FhyaiCE^ 04 (l94i). 

rbis is mimt a gpnarel reference fpr thin obapierp 

[S] In the conteEt of poavoaiional ganprsl relatiTlty^ see for oxnBplo; 

fip Woiuhargi ^Grarttat^Qii mid OossioLogy^ {Milo^ lOTS) Cboptora & and 12, 

L. Landou and fj*M, LifocbltE^ 'Tho ClBfieipal Theory of Floida’ (FargBinciii 
1642) SeotioD 83. 
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THE PRECESSION OF THE PERIHELION OF MERCURY 


Introduction 

In the previews ohupiiir li*TC flevTolcped a plctu-re of gravity wliloli 
wfcifffi** th9 uDii|u#n#aA of jicDolttrutioH in a ^avitotional field nmd yialda 
tb« gravitatioJMil rodalilft, (tefloetLon of by th* Sun and radar ocho 

dalay in aocard witb th* prodtctiowi of tbe theory af relativity and 

uperlBeni. Wo bava nlsn oeen oucib a Itieery enn contain a principlo of 
equivnlonco of phy&lcH in nil local fretly lalliiiB fra»ieB, Wa htav^ thoa 
dealt with three of tbe fnur fmootiH taptp of it«ner«l relatiTlty (or indeed any 
theory of gravitation) P Tlao foartb of then* teott io tbe preccasion of the 
perihelioji of Htreury^ Thie pbenomenpD i« of particnlnr ijaportanco becane* 
it !■= the Qoly onrrftntly nvnnoble- teat of the nonlinear ten&j in this fomii- 
lotion of the theory of gpovitation. 


X planet in orhii in a porfeet Inveree 
OQnore field follovo^ in Nevtooian neohn- 
alaa, n path that Is an allipoet with 
axofl fined with rosApeot to the abeolnte 
apace of Newtonian uechiiEiiCB, oporatlon- 
nlly defined an thi roferenc* frnae pro¬ 
vided by the very distant itare- If the 
grnvltetional field in i^ich the plnnot 
liQvea is tut perfect inverae at^uarei 
this le no longer true and^ epoDg qthor 
effects, the n^fl of the ellipse slowly 
rotate vith reepoct to the diatant starfl« 
The perihelion of nn orbit in the point 
df closest Hppronoh to the Stm and if 
the ellipse ts rptatingi the perihelion 
is slowly rotating with respeot to the 

iLiot 4 int itors. (in the soler lyA^stom the 
principal canee of such rotntion is plan^ 
etary pcrtnrbatind g) The eosiefit way 
of seeing what is going an Is to con^ 
aider circular notion obont the fitic (or 


Pfdcgssion angk 



Fig,7.1J Hie trojiioiory of o 
test part idle in a preoesning 
orbit (of extreno eecaotrioity) 
is shown for "* tt revcluticns^ 
The precaflEioii Is greotly 
ejcngge rated 



m 


jm HELAirarY 


nny otb«!r prUBHrj) Boa mp^T import on tbli niittailMr wtlon a null I ro 4 Ji«l 
DOclllatioD. If tbe pe^iodj for tbe## two iiuporldpaBed laotion-i cdincld«| tho 
planet retumo to poriballqD after weeping out 2 ti radians,, io iUi£ii Fory 
ppeoial cfloe thm orbit la oloaed and repeoti every revolution. If the perlodfl 
are not tbe eaue, hut are couBEDaurote^ tbo orbit ropeato after a certain mua- 
ber of revolutiona, while if the two periodfl are not oaonBiiBiiratef tbe orbit 
never ropeota, 

Xf the period of the radial vihrationo la Ti^ and the period fqr a retoiion 
of Sn 1* T| , tben the plBUet aweepn out Zn (1^)/!^ radiatia in tlea , 
The ATigulBr odvaace qf the perihelion each revolution ia^thua 

2 TT 1 ^ ^ 1 ^ radtans 

j 

{pee Fig*l,l,l), 


7-2 ForlbelioH aPyanoo in NewtonlM gieidiBiiic^o 

Ve will first doHonstroto that in Nevtonian metbonlco there Is no pro- 
cesaion of ibo perihelidn for ttotioo in a purr t/r potentiol^ 

The fravltatioD potentisl is 


end the squotion of ootlou ia 




9(p = - 






The orbit la planar end resolviiig (T.2.l) into radial and tajigaatiol componoDti 
ve tisva 


or 


d^r „ 

flt2 ~ 

GH 

(7.2>a) 


11 

D 

(7.S,3) 

i 

r dt V dt 

) = 0 , 

(7,2.4) 


We can write Eq, ( 7 * 2 * 4 ) np 


2 de . 


(7.2.S) 


where t io a constant and is clearly the angular Emaentuo per unit seasi 
ainee the aa^lsr velocity is dfl/dt . Eqa, (7,2.3) ^ (7,2.4) thus corres¬ 
pond to cohsemition of aofiular nunentuii. 



mE of thf fekieelion of mesojhy 


BO 



tiliB pdlnt r«|ir«0eRt a w&rlj cirisuliir orbit 


Bine* h 1b 1: coDBtKnt of tbe wtlon we can 
aquaiidDB by writiEkf in the fpiriB 

a‘r 








d«c;oupI* the ftngiiLar and radial 




(7.2.8) 


corr«fl|90iidiD2 to ann dinenEioRBl amticn in tbo patont^nl 

<a< 

^•ffectlvo " ^2 ~ r 




illuatr«t«d In Tlg.7.2.t. Ibe flxat t«ni In Eq. (7.2.7) i« a «BdtrlfugAl 
repulBiod of anctly the kinO eacoimtered Id quoDtiUD Bwchanica pTahlBiBs.p 


For cincalBr nitiozl 





imviTAriaN EEunmTi 




oDd eo 




(t.a.a) 


Khere B if tB« rnditia af the oircutar orbit> lntri(]<bico a radial oaclIlAtion 
by flatting 

r = n * p 

(7;pS,&) bficouflfl 


OH 


£fp _ _ 

dt' ’ (B + p)- (B + p)' 


Expanding m of 


^f> < 3ti^ SeM\ 


dt 




2 - K 


anfl subfltiluting for from £q. (7.3.B) 

d^p GM 

dt^ 

Thbn 


(T.a.fl) 


p.p^ainVpt 


and thfr pfiriQd at final I radial oaclllntiooi iM 


\ = 2^ 


V (M * 


ET.3,10) 


Hie timgflutial Velocity la 


« _ h ^ rm 

at ” 7 V r '^v B 


ond the difftaoce round the oi^it i« mppraTimattly 2 tiB * ao the rotational 
period i9 -_, 

ifMob is idflptlcBl viih tha radial period. Hiere ia uo advance of tb« peri¬ 
helion. 

It should be clear that this ij a ep^cfnl caiCo Sujipoee that the t/v poter;- 
tial ifi perturbed by h (oeutral) potential with difforeut radial dopandcoce : 




Then for oircrular motion 



HIE ffiECESaiON OF FHtIHELION GF ME3t«mV 


ei 


atiO ttafi rAdlHl equiktion i» 

fff ^ _ GM_ L ^ [n*l)a\ 

dt^ ” (B «■ p) ’ (B p)^ ^ (B * p)** ■* 



(vitli n = 0 the tKd periotte the maw, of cmurie). Tho ddirBiiee of the 
p«rihelioi] la 

J ‘ (T.a.ia) 

The oiay Axe«q»l« flf thia kind of timpU |Msrti«rhHtinii tbat lb of Inter¬ 
est li tor d= 2, eorrespoB^ing to a iiuBdriip»otA fielfl ia iho equatorial plaae- 


7,3 The relntivifftir theory and the pggd for iMniJ.tp Oftr taxw 
In Qmptor 5 ice found gp wjuntiiop of aotion 

^ _ (1 * 7 qp 4 4:Tf i ^ ^ (6^4*14) (7 

dt ■“ ” 

which rediicOB to (T.2.1) *■ v-0 nnd Rivoo tbs correct aefloction of llRht 

by the Sun. This oquotton wob ftoriTea working only to fi^ot order In the 

potontinl ■ Ai It atonile it clearly containB ditpariaroB from Nowtonlnn BHcha' 

nloa of order (with c-l) and we could ot once apply the nothoda of the 
previooc poragropb to find the prooeseinn rate of a plonetary orbit Ate to 
thttie ten&a. 


Ho¥flVsr^ for pliin«stiiry ■otloa ^ 

V_^ QM 

t 

and 00 the dlneiieiordoes qowitittoo and (M/po^ ore of the Bade order 

of magnitude, II wa are to work ont the offecta of relativlatic grovttation 
on planetary orbita, ve nsaot Inolnde correctioaa olong with tlioae 

—We have already Been that the equatlona af the grnvitotional field 


are e^cted to b* nonlinear, gWlng 1“ tonne "'ipVip in any equatiaa of 

Butioa, We ehnll therefore atudy the advonce of the peribellaii obtotnin* 
H^ith BO BquBtioo af suitiopi 

- (l+v®) 7(P - QVlf? ■+ 4 t 


(T.3.2) 



9a 


OTAVITATION AM> fiQ^TmiT 


wher« cp baa beM repipcc^a by qp(l+ aGp} ijj imd tenuB in r^cp^ , 

b«ing O(cp^) f have Our firvt tAfi|£ ii» dlsii^ivar tbe nppro- 

priaU vain* of the a. Emp qf tbla ci^offiaiant canHa frtM the 

Donl ini^arity of the field e^uatidfia, Isiit ije abound note tliftt even Degiea-tiiig 
tbii nonlinear£ty ve find a-1 froia the moBt reppeetnblt looking fpi-Ealn- 
tieii of the frec^fell e^oiitioiiB in the tenoor theoryE^. (6-4.11), fTbie 
result is SABily obtained on applying to {fl.4.il') the proeedujr^o used to e:£- 
tract (6.4-4) fram a^d keeping oil termi up to second order £n bbibU 

quantities-) 

t• 4 Strong eautTal frftft^ *^ <1 the oonllnear teraa 

Ve are not going to attampt to deifelop a conBistent nonlineBr theory to 
eiren second order in the potentiel cp ^ l^e ehall out thia Gordian knot* 
instead of unravellinii it, by applying a fona of the prlneipta nf etrong equi¬ 
valence- 

¥* Baw in Chapter 2 that ipartlol nnd gravitational tuBa are atrlctly propor¬ 
tional to Very high aecurncy for enorgy nootalhed in elentTioiaagiietic ood strong 
interantion fields. Tlie Eott'OS'4^icks oa^eriowtita have little to aay about the 
weak interantionp and. nothing to aay about the inertial and gravitational Dhi- 
aea of gravitational fields tbenselves, A principle of isqulvnience atetea that 
in any local freely failing frame the onaie Lorentz covarient laws of physios 
apply^ viih the aaflie muterical content, 9uhh prinoiplae represent an nbetrac¬ 
tion from apeciel relativity plus the results of the £^tviiB-41|che experiments 
and BO ere reasonably sound for the invs cf electroanagnetl mi and strong inter¬ 
act ion physics but represent an asmmptinD for the leva of gravity- The prin¬ 
ciple of ntrong equivalence osiujoes thnt all lava of phyates, including gravity 
itBvlf, are ilia i9«jiw In tmy local freely falling frane. It was this pgatulnie 
that Einstein used to arrive at the field equationa of general relativltyi ve 
Bhall he Iobb aDbitioua snd use it to find the vnlue of a in Eq,(7,3.2), asaiiB- 
Ing that n Donqiletaly oonaiStent tensor thonry vould coEitBln the principle of 
strong equivalence (as is in fact the case)- 

If the principle of sirong equivalence holdSf then on gently lowering a amall 
Bolar system into n grnVitatioaal potecLtial on a much lEirgOir SCalOf any a 
galactic potential, the cliaracteristic dinftisloUH and frequencies of the aysiem 
must retMiliJ the same^ s^aaured locally. In the Otynpian reference systein stoma 
shrink and vibrate nare alovlyt light Is ilowod down and ao the uiall solar 
syatem mist Bhriuk and alow down in proportinfi- Ah wb lower our little Bolar 
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eyptom into tbfe gftlActic potential I ve expect It a liMftr EliBaiiaioni to cJwigE 
fko 1+t and Its cborsctEriatic tiDee to choiifO ai 1 >-4« VolooLtios wilt 
thuH vary ai I + £ f t quantity 

Y? 

— 1 + 3 * * 

r 

Y^ 51 

r r 

wbexe cp 1* the inteirwl potmtial of th« littlu aoloi- syatu and m> ve Boot 


qj 1 + 4 f 


** qj -^1 + 4#) . 

Tbe wie raault Bay taa obtaiped by natiof that th* onargy of n body oi arnmn b 
to tba potantial ep la ^ ra cp ond tbat id Tariea mm 1-31 « wbllo cper^ pmat 
vary aa 1+4 tmr tfa« priuoiplo of atrong equivolepc# to hold. 

Now the quantity 2cp4 la the oroee proibict tm-rm in (^+4)^ so oouaidoratlDD 
of tbe propBrtiflB of a anil eraritatlciicil Byatoia Id a large ooale potEfitial 
auggeata the general replacennt 

T “* f + 2 

ae tho aecopd order eorre€:tiqa to a potraDtial If in Bqi- (7«3,l)» 

Thin lukeB eenaQ. CoRoidor two ma^^ma m In a field J , aeparated by a poteo^ 
tial difforonce * Iheir energy difleroDoe ia ■■ Cqa^ore thia vitb tbo 

differanoe betvaaa atonic energy lavela at t # Ihli iertter dlfferenoo oJiangee 
with Y ea 1+f BPd m ttae prini^lpla of atrong oquiTalenca ia eatiafied if 
tt^V ehan|«a aa 1+ f« Slnca d. variea aa ^ -eariee mm l + 4¥« 

That ia^ 

if- Af(l+4f) q , 


In ordar to compute planotary ntion to eecoad order in anil quoptjtiee* under 
the oaauii^tlop of Btreng eqnivaleno#, ve vpat replaea tbe potential 9 ( 9 - -p) 
by tba quantity 9 + 2 q^ In equation (7,3.l)j that ia* aet 2 in Eq,(7,3.2). 


Calculation of the advorca pf perihaliop 
Ve take mm our equation of sotion 


^ ~ (1+T^)y9- Cilq^ +4£V,^qi (7-3,3) 


and begin by reaolTipg into componenta. 


llie angular oquatlon la 


C** !?)■«'(IDS ^ 





04 


ISAVlTAnOK ^ HETJ^T TVTTY 


It ifi Import-ont te notice tlut tbtj equation, vhicili eg^rrEip^nde tc ggoterv^B- 
tion of BQ^lor itnfii^Dttifl, dliffors froio tbft N«irtgtiiui njaivqlonti in that tiie 
Ti^t band «ido id ima-Kera^ 


Sincfl the potential ^ it not ixplioitljr tiaue dopcndont, maj write (7.5.3) 




(7,D.3) 


S»t 




3 Ii0 dx 

* ^ dt at - ^ 


{7.5_S) 


b (7,5*4) 

where li In o odneten-t aod obtoln u equattoo for tbe rolatirletie oorraction 
fno'tor 1 , Differentiate (7.6-4) with re^pegt: te tlBS : 

• ^ ('• ® 

{7-9.3} and (7-5.9} yield 

'"#f-•{•'■'Sf Tf}-» 

or 

dx flqj 

dt * <H ■ 

Sinot we Dead tq vork only to one erdei- |a amail quontititt higher than the 
^'ewtdniaTl ILhii^ it it Mutfieiently aceorate to pet 

X ■ 1-4 tf 

(x papt rechiott ip 1 at tlp '-O) and the ei^tMitinn for aiiipilaT t^tioo bec-onom 


^ dt t\l-4 — 


{T.B.G} 


Kince we narllor maOe ttie identlficntiaa 


n =± 


4 

(see ( 5 . 5 . 5 )) it Wight be thoiight that the quantity 

(1 ^ 3 cp ) “ 

would be caneanred^ Tbit it not tha ense^ Tbn nngnler Dopantuffl ^ ia 

^ t law Xr - 

V ?i ^ a jXt = 0 * 

^ f X flb f ^ \ 

it “ di ' 

dquatipne (t. 3,1} atn* (7.&.1> yltlflt 
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= 4 (ixr) t. 


§ “ (x;x£){S + 


Ta tirwt qirdiir’ in lo^ll quaatiiieet 


anlS an 


« = “o U 


- 3q) + 


Th# iMding tflrffi in tfep eatproftBlon# f&r "^CP ^ tt«t tfl firit 

ptfiUii: iB W/dt is in^lied maro, with v.x£ giTEp liy [T^S-S]. 


Wia radial at^uatioo of BOtion ottfliaed froa (T^JS.l) la 

-(f)' - {i.(f)' •(' f)'} -^(f)' • - (f) 


* ^ * (t.e.T) 


For n circttlM* orbit tKjth iir/at ono a^r/«® mrm cwo. For mall rodiol 
Dsclllottoua nijwrin|94Be<i or Nob o ci-rcnlor orbit, tbo torno in [ilr/<H) 
will 1>B vary aiaall. They ara aln acharitoiilOt affect the baaic period 

imd ifill cancel oni over a few renjltstiDiia* therefore drop the* ond ohiain 

We ROW QAO (7.a.4) to mbetitute for de/at . SeMemborins that 

h® OJ 


(7.5,fi) 


and that X* neea only beep ta™a iip to beconwo 

d^r •- b^\ ®« . ii! f. 9ai\ 

*^K^- tJ- 

V* now Mi r ■ B + p , with B fieen by 


d*r dr ! 

B * dt I B 


and obiaia to order 


(?) , 


01 1. efflii ^ 

^--^3 1*-—iP 


and banee a vlhrationol pariod _ 

_ _ U 1^,. 

^ *.' SI r * 3 a I ■ 


<7.8.10) 





WAVlTAIim HELATIVrn 


Th» t^mii ia a diflaprpeai- on ^Imtitutine the voltie of b oMaintil ftDii 
(T.11,8) uitb d^r/dt^ « 0, whicJi is 


^“Xi^ * (ft-3a)iir|. 

The orbital Telocity ii glTeu by Eq^ 

“if-il*-¥]-Jfi‘-»-.)f] 

ad<l ^ the oii^lor period ip 

*«- - a-»)f]- 

The p^QDce ef tbe perihelion each rerolutloD le thun 

W 


If 




(T.a.ta) 




radiane. 


tfith a* 2 , the Tnlue ve inferred by applying the prirtclpl# of etraag eqniva^ 
leiioe, ’W6 obtain A n ({^)/E radlana per revalntloni vhlcH i» £i»eteiti''a 
reealt, Wil^ a*!* yielded by the tenaor theory without nny effeote of 
eelf-interaetioDi we obtAlo raitlpiiB p*r rerolatlon, 4/a of ibe 

raimlt fron genera] rclatlTlty. 


7 Ibe proceealon of ih* norlb-ittiw of Mercury 

The pLaaet lying dpeeab tn the Sun is Mercury* The orbit of Hercury 
ia thiiH Boat ■eneitlve to tb# r«l.atiriaiic oorrettlona wn binre been dlj-cuanlug, 
Biid In addition hao the advantoge of higb eccentricity, e=D.S06p Thia eccen- 
trioity doea not nffoal the rate advance of poribelion, ta the nccuracy of 
Bq. (7.5pl7}, but It doea laake tbe moHuremfim of tilio advance enaier^ It haa 
been known for over a century that aftar the affeoto of plunetnry pcrturbaticne 
hav# been Feaoved, tbe porlholioa of Hiercury retain■ an nnonaloud advance of 
43 *^ (aecondp of arc) per century. 


dnr enpretfalon for ib# adronce per ravoLuilon ia„ after inserting axpliciiiy a 
factor which bad preVLouflly been jot equal tn 1 for convanitnco 


a n 


v" 


wbere i» the appropriate radina parameter fnr the orbit of Hercury, 

The orbit of Mercury hai a veial--iMjDr naia aK0»3@7l a.u. where la«u« 
{aatrodomical unit) Ip 1.496 >1 ID^cu , The eccentricity of the orbit ia 
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« f= 0.206 


uad ia tbii seni-oillDf flXifl 

1l - a V 

iA 2^ sborter thin the vcsd-A^jAr «rtp. Oar »liDpl« trMtmwit In teraa at 
BDAll rndinl vibrAiioR* fioea tint tell ub (liFActlj utmt qiuintit^ to ta^* for 
Bovntmri we ia*te that tb* ndfranne of tho ];iorlbeliQti to iiven bj 

!Ss 


- a TT 


-2 * 


where ii tha potontini at H * Tha elltpticel orbit ■eeiip that m ezpoll 

range of potentinla io smqiled in the ooutao of th* orbit end po we abnll re- 
plate by (^p) I the average velne of th# potoptiali end hence evnlnete 

IJTT —W - 


The equation of en elHpa* la 

^ = 1 + ■ aoe 0 
r 

o A\ ^ 

where a £e poaourefl fro® the major axia, so areregini B ^ s -j 

where ■t. ie the parMetor knovn as the Besii^Laioo reotyai (the diataooe aoroaa 
the orbits po?™! to the ™Jor axi«, peaEured throngh the focua) end ia given 

^7 


or eqiilTalently bj 


4 « b( 1- e^) 

1 i f t ^ \ 

I " i " r^J ■ 


'mer uin 

Ihir final expreeaion fnr the fttfreno* of the perihelion ie thua 

"'17= 

vhlch In tt. Mmlt cbtaillBd hy a laor* C!»ipl«te trvbtBaat of Bq. (7i6.l) with 
ftaS, wbi«h can JtseU be flcrtTad fm* talatlwiy, tl]. 


(t.B.l) 


VI tb 


t - 1J,666 X 10“ na 
. I,fl0 a lo” Ba 


W« obtain 



o,«M X itr“ 


radian* par mrolntiga. Ihe perind al Mcmary is 0,241 yaara and an the rate 
of odvBDCft of tbc poribalian of Mnrenry giTon by tha c^preaaioii (7,4.l) la 43" 


per centnry* 


The preoeaBion of the perihelion of Meroury ia meesured ^ with renpect to an 
Earth beeed frame of refarence. This frame connot bo dlroetly relatod to the 



m 


mmiTmou Jm relativity 


froiQV E>f tlio dirttaui sIapb bienuEe tliA rotation ax-ia ih^ Earth -does nal; 

r«i»ln liiod iu duch a franB hut preo«ue«a with a pariad 4 if ahaui 2SpD00 
[tha pre^aaai-DC of th« ^uiauxes) due to t| d^l gravitational farce e actiim on 
tha <iuadriipDla tsoBcat of the £artJi+ The ah^e-mid precaaHiott of Uie perihetioh 
of Marflttry (•^ MOT” per century) la made up froo m piece duo to the 

preaeaaion of the ai[|uiiHixei 502^'^ per ceEiturj)f a pleo# to plauetory 
perturbationi 632'f p#r eentiufy} end the reel dual onoouiloua procaoalan ufaich 
Cs] ie ^ 43'* ± r* which ia id ugreewnt with general relativity fotharwia# 
hnewn aa the Bsasloae 8tlfwiQi.eraoLing opia 2 theory)^ The advance of the 
perihellcn hat alee haan Beastired for othor pliuietp hut the reaulti are accu^ 
rate to no batter than 

The Bgrecment botweeu the oalculated aad ohaerved valuefl uf the oentennial 
advance of the perihollon of Nereury thiie providep a Farificatidu at the ^ 
lerel of the ecttuitian of siatlou {7i*6#L) with asUf rather than aa 

yiaided by the apin 2 theory before alloving lor addltioml nonlinear torma 
dkie to aelfcoupling, and la the only teat of theae iiauljuear temn TM# 
conolualoii la howevoT only warranted if nothing hfls been left out? in oecticin 
7^7 ve did cues the quadnipole Domeut of the Son, 

ITie recent diecovery of a pulsar in a hiuor^' ayeteiD [3] offers the possibi¬ 
lity of the tnrestlgation of raicii etranger graFitational ft aide than are easily 
aceewblo in the enlar syateo. Pulaor ?^1913+Id hoe o pulse period of 
M ma and ie a BDsber of a biliary systeBi with o period of 7.T6 hcurSip The 

orbit !■ bigbly ooosntrlo^ The pulsar ie preamuibly a neutroR star vl|h a 
mass aoBSOfl of tbe tvo omqiDDeiita CAPnot he too different^ Thore 

in evideneo that tbs eotupaolan la niuch nore caodeTmed thon d Boln asquencs 
star end ie iberefors a white dwarf, p neutron star or possibly even a black 
hole, 


Tlis t^uani £ ty ™ 

J£L_ ^ ip-fi 

time Making in principle tbe relativistic Doppler shift and groFitatiaiial red- 
shift Tarlatloas in pulse frequency easily observable, and fiving s peTiastron 
advance of several degrees s ysaT* There im also the posaihllity of observe 
iug the effeefce uf epin^orbit coupling. 


It in iLovever poseihle to construct a theory of gravity vithont aelf- 
InteractioD which ^Helda the oorrent value for ttva advance of the peri-^ 
helion of hlercury Is. Deaor and l^nrentp Jhm, Hiya., Tfl (IflSfl)! 


THE MECESSItSW OF HIE PHlimjniN' OF MEttraiT 




7^17 pig ohlatfrngaj of tlie Stan 

In BgctlDii 7*g w TMiteO tbiBt fi E^eeetfiiDn of tiit would b« 

Lailucgd, ia tlie fruMWOiii vt KuvtODiaii pigcliiiiiieit by u purtorbinfl potentliil 
VArying with i- an . with n iwn^agw. Such would he iuBfo- 

dbc^d if the fiun ware not perfottly iphericelly HynaetriCi the only teni pf 
l^wrtiulce bei^i th* potential iluo to n qnadnapolo inopflnt, ITUrylng with r P« 
, A qundrupolo ffloraent would hr reflected in the figure of the the 

dific of the Sun would be eligbt-ly oblate (floitoned oi th# polon). Sqbo 
oblatojieoe ia eatpeetod anyway booeuee of the Epn^-i rotation^ Iniereat ia 
thii possibility was reawokeaed Boaifl tea yeera 040 ni a reealt of wpeurttfloati 
by Dleko and OoldeaheTp Wliicb iB^ilied a quodrupolo imiiHaat Bonj ttpem prooter 
thnft ajpeeteci pa the baiia of a unifomay rptatlng Sun ond aurficinit to con^ 
tribato BOOH per oentury tp tiia advance of tho perihelion of Mftrcary U]- 


In Newtoniaa theory the gravitational potential of a bpily of laoal uaas depoity 


Eipaadtag ae ^ar as the quadj-upole ttno yields for o FOtatlDiially ■yMotrio 
body 

,U) -f<’■’•=) 

wtiere i In the polar an^lo of the vector £ and 8 the polar o^igle of tha 
vector I both ffieoHured front the ante of ajumotry of the quadmpolo. It la 
convouient to writ* thlt ta 

^Ci.) - Pg{cfls B) Q (-^} ]' (7.7.3) 

whore Q ia a qaadrupole manopt paroseter Oafiocd by 

«.--i; J oil’) (I •••^- 1 )• 

d 

For an ellipiiPid of uniform danaity the Integral has a valoe 

i M 

2 h 

and 11 Bebe^ flor an ablate ailipaold)^ Q ■ "ir" ■ 


The Sun of fioitraa ia not of uniforta density^ and the relation botwoan the qnad- 
rupoLe HaiiW 2 ut and the ohlatenoee paruneter ^ La more ccii^LlOBtod, Ilie effee- 
tlTE potential near the eurfafiir ol the aim xa the grBvitational potential (7.7^3) 
pLua A tmim fiTic^ the cantrifiignl force 
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^ Tt * - **3 ^ (^n - i (T.1.4) 

wb«re B i« a CDofiHflate m^aaDrefl nomal to tbe uig af ratotiai:i anil 1* 
tba aiiKTilar velocity of the surface. To tkg eJttani to vhieh tho surface la 
tointained ia oit^lihrlii* hy preaiwra, Uii# jmrfBcc vfll follov the equipateiw 
tial anrfacea of Bq, 


Equating the valaoa of poles and ou tbe equator givas 


A ^ 1 Q ^ 1 

*"c^ 2 2 


^ r3 


UH 


(7-T-&) 


In the case of p negligihit quailrDpole WBienlT the surface o^latanoss is deter- 
Eined by the l/r fiaid. af the deupe core and tbo eantrifiigel farce anfl ia 


A(U = 0) 1 ^ 


CH. 




e B 

Tbe furfaca af the Son rotatos ia approximately % dgyg aa 

Afft-LU) 

—p-- 10^ 

o 

end this corresponds to negligiblo qnadmpole imoineRt, Th* opposite ertraB* is 
reprepojited by taking a nuffomly rotating San of unifana density and satting 

^ ® 

in £k|» (t.7*5)* This yields on oblatanaea 

£k (uni fora) 


4 




GM, 


= 2.B ?c iir* 


and a quadrapola aoment Q = lo^ ^ Any udifornly rutetlni; model of tbe Sun 
will be Dmcb cLoear to the fomer cnoe than tbe Igtier^ In tho equatoTial 

plsne^ (oDeS):=~i^ sc petting n=2 and a = |tr| ip %. (7,2.IS) ire 
eapect a centennisl proceaeion for tbe perlhallnii of iterenry « 1” from the 
solar quadrtipol* ooment. 


Plcfco and Goldenberg ueagured an obLateneag of 4^6 X IST®, corresponding to 
q == 2.Q X lO"^ snil s DeBtenitLol perihelion adrance of 3" for Mertury, Soch 
aa unexpectedly Isrge qnjidrupole ttoDent ypi attribnted by Uicka to o rapidly 
rotating interior of the Snn^ the outer Layers being braked by interaction with 
the aelar wind [fi] . 
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EoweTer, b imre r«ceot asasw^aent yielded aii ohlntene^s {Mn-ainflter in accord 
with that expected for ne^li| 5 .ible quadrupol# MBenttfll, Th# pum® work feimd 
evi deace far perledi ol exceed equator i*l hrtglitjieBs to whixli the re salt« oi 
01 eke aod Goldenberg jaay he ottrilnited. The praxent poBitien ie that thETe 
is no oi^ideoee tbot any ■ignlflcant part ol the admooe of the perlliolion. of 
HeTTOry i# due t* a aoier quadmpol* moment ^ 
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CHAPTER? 

GRAVITATIONAL WAVES 


Intro JactldP 

Th^ fiTBt step in th* icsDsnllof the ersTltntioiinl Foissan mqurn- 

iion 

7 ^li ■ 4 nfl p ( 4 * 1 *S) 

5^2 


ylelfletf 


^)b = 4TTGp 


which *t QUUB lea uj to e^e^t p-AYitstioiiBl wv*s pf«pngatli^ irith velocity 
Cf flolTjtlome of the fre^e fieia wiustioii 

1 ^ 




□ V “ “ 

fflp a toDsar fUlrt. nils »y b® omiipaMd with -tiin *l«etr<»ainEtie equation 


□ a, 


0 * 


In the elertroiMitnetic coee the aaiiroe of is the ourrent ona w« have 

(vith c s i) 

vitb the purtlculor integral aolutioo 

* (£< *> * 1 -— 


It- r' I 


ih# fiuoilinr retarded potentlnl. 


Our spin 2 teoaor theory hsa 

□V • - »'■»{ V - * "m-’J ■ - ‘'’° 

vlth the retarded poteotlsl 

r \v t - k-xl) 




(a.i.i) 


vhioh of course contains a radiotlv* cdoponent with dorlvatiTos of the poten-’ 
tial fallioA off ea l/r* 
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-Wl ^£LATT\f m 


TrailForgg nature of the ¥Jivea 
Bavnae of tbo conaorratlda lav 

afu 

^■0 

w« Infamd far tlaciictiaA^Btiui tlia liorEirtv dopAzltiao 


For fra^itatioo wt liavo 


and go dxpeat aa azialo£Oi}B eondltlaa. But 

b ^ ST — 4 fl 3 

|AV I IJV * MV Off. 

and go. tiia adalpaouH ■feonflltion wtlL J^CH lie 


(a. 


but ratber 


(S.2.2) 


h, ^ ±5 h, - i a h , 

yw ij.-M = iJv PP 

Sine a 

h ~ - fa 

^ |jv * m) (TO 

li „ “ *■ 1 ® fi ' 

on ai gJ[L p p 

b xh ^fa b -fa 7 -fa s ■•'fa t ? 

kM tiV * Oft ^ tw Off * VW (d ’ IW (SB, fiP 

-? -fa Is +3 -fa . 

IM * ^ <r0 00. ^ EEH 

Id tbeae npiaitioiia Oi A wa^ P are dimy Tariables (nuBAd «vAf) biicI a = 4 

OEL 

(that iui * figg + + 6^) io tha anrlj bi'adcet rame> to aero and -ire have 


h ah -tfi h *^3 

liv ° MV oa w 


(Ba2,3) 


and h«DGt infar 


^ Q 


fa,2.3») 



GRAVITATIONS 




Now iriiP knov tliflt- Lorentz fci'iiElitiaii = 0 ip related td tbe trani- 

VdrHd bDtur-B of a]e^ctroeuigDetid i#i|V«a^ ad ve Bight expect tliat £f|,($«2p^) will 

tell QB BoiQOtildPt^ ftlaoiit the tratioverulity nf grAvitetloitiil tvB¥e«. Izv the 
electronttgaetic we hflTe a four-veetaj' potentliil A^ ant) tte Loraiitfi cen--^ 

ditiaiL Oi At first aight thia sUggdStfl three xQdepelideiit polari- 

ABtiaDB for An eleetroiiogjiGtic waTfe — and we Inww there ore only tvo (our 
AUirtiana of Chapter 3 prateblj foimd this out too)- 
wHve 1 


A a » B 

U la 

where ■ Is a ceojiiHiiii 4-vtctor i 


i(k.*- lOt) _ ^ 


But consider 4 plane 

(a. 2.4) 




Blld 


a s 

1^ 


yieida h It 
V V 


yield* ^ 


if A ^ A , + lriC_ 

^ ^ ^ 
laflB of g«nAr«Lity we can repiaoe 


these eonditianft are still entisfied nzid so wlthooi 


hy 


where 


i + bk vltfa 


on nrhilrary seaLor^ 
tiod ® yieldp 


f 

M ^14 

For a wave trAVtiling in the z direction, tb* condi- 

we hare 


“4 =“ ^“3 ■ 


Then ctaMeing + hk^ - 0 


•1 “ *1 




0 

n 


ntid are left with only two poloriaatloni^ SInre corresponds 

to setting 

A - A + ^ , with B » ib e ^ ^ 

tho ot^uatione of ■otloni detcrnLLaod by tho fieldii 

3A 


1 =- yrl 


B 


7X A 


diQ not aptlc* tho troMfonuition o n + hh and indeed only two polariia^ 

H> 

tions nre physically aigniflcant for a plant wove, and hence any vinre. 


The potontiol ironafonation called n gange traDaformatliin, 

r" p" K 

LIJ^ and la quite avideatly Intlioatoly conaected with the coiLaerTation of tha 
■oarca of the olaOtrql&afpiatlC field. 



GRAVITATION ANd SELATimT 




With 



E « 


TT 


and ezpciAed lo the Tibrata fn tha z ilisractlan if drlYan fay 

anly, in tha y diraction if driv«n by only. In ganaml af canrie tha 
tiK> aaaipDOfriita af the palBrlaailDS vactor ^ a^) Day fanvt arbitrary magni- 
tudaa and relativa phaa« and tht fiailiar raii^a of j^olariaation €ff«ct« obtaina^ 
Th» vibrAtidn pat tarn aaaentialLy rapeata tindrr a ratatlcn about 

the beam (vlth a diBbge of pbase- of rr) and talk about wpin 1 pNdtana vlth 
ttoo polariaatiDn stat^a a| , a^ or tvo baliclty atataa ^ (a^ ± ia^V- 

Tba condition dh /bx m Q reaultfi in a BiAilai- babaviour In thK case of 
gravityj and In fact thii behaviour iMVivaVa^ tha choloe of the tensor theory 
rather tbon the Kewtonian theory i, 


CoDJidar a plant ^ava 


Iki 


b = c t 
iiv kiv 


x*x 


In free apace [ J ■ 0 bc that 




(8.e.6) 

( 8 . 2 . 0 ) 


Iha condition 


yielda 


a»^ I. MV 


“w - * Va^ 


- J 6 h 1=0 
* MV ao J 

0 . 


(B.0.T) 


tf wa now raplDCB e 


find 


by (snalogOUH to roplacing 

m + bk except that s bat tvo indlcaa aud a baa one) va 




ah^e the underlined piecea are lero by Eqe^ {Sp^pG) and f8^2pT)p 


We can chopae four q^nantitieB • arbitrarily and aa ga froia ten independent 
CmaponciitB of through Eq, to six indepandent ccz^wnentoi, and 

through the gauge iifrarionoe to two independent pclariisationB in a plane wovc^ 
and hence any wavcp Theda are oopvaniiotuilly choaen to be h^y and h^^ for 
a Mve travelling in the dlrectian,. Tbis can be vorked out quit# 

eadily. 
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The don^itieu ^ ^ * g^vvts 

“3 ®3V* ^(*11 ^ ^32 * ^ = ° 

( wimiB ^ k 0 ) - 

= * = >*3^1 = - *“ =41 ^1 " - ^=41 

® - '3 * 3 S “ “ Hz =32 “ “ *=42 

V a 3 j - fijj - Cgg - e^) = - iit S^ 

'*’■ *33 - %i * =22 “ *44 “ ■ =43 

V = -> ■ 1^ «34 + i«=44 - ^ ^=11 * =22 * =33 ^ 

“*■ Kl * Hz * ^ ■ W “ - =34 


Vfl may revrite the laei pair af equRtioP 4 ia the iatia 

*lt + =23 “ " ‘ =33 ‘ =44 " " =43 (S.S.Tb) 

IlifeAe witifttloav tulct ’teci eaHfpoQante flown toi aix ind^penflent ociqwa^tB, iJid 
■till hold when, wo replace with 


% = 




\K* 


\\ 


Ito]soRib#rlP4E 

that auly 

oafl k^ ore 

OOEb-EOrOt V# 

find 



< 1 " 

^ *11 *22 

“ =22 

*13 = 

' *12 ' 

Th#]i 








^1 

- =31 

♦ •’l''3 


=41 * 

i too^ 


=32 

“ =52 

+ Oj^3 

=«- 

*42 * 

llUOj 


=53 

^ *53 


*43 “ 

*43 + 

lao^ 






+ 

■'3*4 


=34 

" =34 

" *4S 

*44 “ 

=44^ 

2i«*^ 




(B.B.fl) 


Cbo9»e f o^i *3 "4 ^ nwhe tho fii'Wt coluon of (B.S.fl) vonii^x Tbesn 

nr# onr extra fpiLr bpoatraizitim. Witli 0^ thu^ ilatamlDadi tbs flrat 

tvo rtiwi of Bq. (dw2«tii) yifld 

=41 = =42 " ^ ■ 

Witb «#t eqool to aero hy apprapriato cboic# of anil p lo 

Dntoaniiically oquvil to epfo* Tbs aoeoud of Bq- (SaSaTb) tbea yieldin 0, 



mmjAum am> helativity 


loa 


The ojilj purrivil^ terms are | 

'‘tl “ " ^22 * **12 ' '*21 * 

Ve tliufl bAve once nore tvc ip.Oe|ienilAiit polrii^iHtiQnB vhich CDirefipanEl sjaiti 
Zi tar ib* baaic Yibrdtion pattflm repfrAta after m rctetion of fiD° rather than 
180^1, Thiu i9 enomaueLy lii^»riant, becaaBa ve knev frdB special raiativlty 
that a uBaicaj partial* bus anly tw pgsaibla spin statea, alobg and afainst 
the diTeciioa of roatioDT [2], Iba pbpt«a It a leuiselAsa apin 1 particle and 
nofv WB pilfer tho e£ist#BC« pf the grarlton, a mosaload aplM 2 partinle. 


In tbs balf-toiiaor {NinTtoniac) ihsai^p we have frcn source cpnaorvAilon 

0 ^ 


bh 


If 8St 

fie find 


Uv 


k. E ^ 


k e 


V ♦ ‘l.'v » ‘vV 


kCi +k%B 

li^uv ^ i/u V irv \i 


Itc Gonditipu k^e^M Q is not BotoBaticaily B-atipfieii by any Only 

tbres of the fonr quactitiea e^ *rs Indspendent and ap instesd of eight eon- 
sirBiots pH ten independent 'rariablci gkriog tini palarioatiDns vm hmwa 8ev«ii 
ODnrtralHis on ten mflependeat Ysriahles giviUig tkreo polariaations. TTii half- 
tensor (b"vwionian} theory ±a thus a iBiirtiire of the tenaor (apin 2) theory and 
the aosler (spin aerp) theory^ and in our apparently artificial PORstruotlon 
of the spin 2 theory Ye aere in fact oubtractins off tbe scalar pteae in tb* 
half-tensor tfaBory^ On the fmimda pf aiiqallcity and elegance we would pre¬ 
fer the theory of grAVibaiian iq correapond to ^£n 2 or spill 0 rather than s 
misetnre of the tvo« and ia this froneworlc the deflection of light by the Sun 
of tvioe tbe Newtonian mine at la at appears as an entiroly natural result* 


S.3 Riyeiesl offeeta of jraYltatioBal wiivee 

In order to tmdeTstand tbs content of tbe two physical polariaatipua we 
need to study the physical effectB of the radiatipn. If a train of grairita- 
tioual wares passes through a lubDratory, what s®rt of physical affect does it 
produce 7 Tbe first thing tbst Bust be reali sed is that the local gravita- 
tlonal field is not directly detoctahLe becanie we mat look at the relative 
■otion of at leapt two objects tp detert an effects Oeptrona In wires are 
seaflitiva to the electric field pf electronagnotic radiatioii because in sunh p 
field the slerntrsua go one way and the poiltlve latiioe goev tbe other« But 
everything accelorates the aiuie way In the sane gravitatiaual field and so we 



CMVITMIONAIh waves 


tm 


Ti9P(S two abject*^ irith th«ir rvlatlve deif^nDin^d li^t by tb» 

fint derivative a. sf the potential but bj tbe eesioiad dBrivbtivti — tbs tiael 
farcea^ 


We have therefore to take ae our primorciial B:ravitatio»»1 antmmii twe (point- 
like) B&aaea aeparated ia ipauc and Dcaatif e tb«lT Reparatian. Let m celcn- 
lAtfl the effect oc tbia aepRratlon of a ^ravltiitlonol wave cbarocieriHed by 

f**!! ’ **22 = “ ’^ll^ *^1S‘ '*31 “ ^13^ ' 


We return to our vv^uotione of tontiafl Ja-4-4) deFeleped pri^ljiaLIy for aolar 
ay item problena : 


at 


bh 

r 

^ V a Ip 


r V 
^ V 




(6.4.4) (B,3a) 


At thia point wo oueoimtar vhat i* flt first eight □ aorifnia difficulty, A 

imaa at rest bee oil eleneiite af I eqqul to tEero «XC«pt for « OUT 

uv 


MV ’ 

wrre bcrtf«v*r 111 reprcs«nie<t only trf hii . b 


22 ’ ^12 ' *‘21 


ing OB a ssaae ot root it gives 


dt 


and tberelore intplDg^ 


(3.3,2) 


Tbio bowever ia fej seen fron the ideal coordipate fraue wo have eatobliabea 
free of tbe elfoct of nil gravitatlanol fields. In thio froioe two jnaaaiB 
initially at roat otiffer no acd*ler*tlonii Bdt it ia ta*t clear tbat thia io 
tho caB* from ths point of view of the observar with a oenouTing atiefc 
rtretcbed between the two nasneap Reio^bor tbnt tn time icdependefit poteo- 
tlols, the tenaor, half tensor and a^aler flolda gave the aume and alowed 

down cIdcIcb by the aama aswunt, Bowever^ the oonpoaents bod oppoeite 

sign for the ieiLaor aod scalar theories, raepectivoly ahrijaldJig and ei^audijig 
DeaQuriug stioka, while tbe c-Mupoiiento were ahpent in the belf tensor 

tbenry and maanuring atlcke were unaffanted, Ve gneoB therefore that it ia 

tbe b^^ ooiepaxientH that alter the Leiigibi of meesuriE^ poda ami- that in the 
ideal frame the two ffloesee do not nuive but rethor the length of i measuring 
rod next to them fluctuntoe. The toCol obeerver however baa up way of toll¬ 
ing hie Doaenrlng rod is fluctuating In Length end aa interprets bio obsurvs- 
tions as meaning tbat tbe aeparatiDn of the two pwiaoea ia f 1 tietuating dqe to- 
B periodio tidal force exerted in tbe passage of a gruvltatiQUal wavOii This 
interpretaiioa ia indeed iiqiLiclt in the more formal dovolcpneuto of ooetiou 

6. Q * 

Take situation and set h^ ■ 1 x^}« 


Tbeii we have 
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imAyiTATlON AND fiELATJVXTY 






1 ti-i 

tft ' "^1 

P 




- AV V, 


11 


uM -pi 


if"STJ 


£E 

at 




hh 

w 


11 


(s.a.3) 


(S.3,4) 


for tlife Ktion of -B pAjrtlElA of svEa m * In i.niorpreting tbEflo K^ite^lDnii we 
ihlii firtti- find eXpreaEinan for tlie momentum and energy* Canaider nofion in 
Iht at|^ direction. The flrvi thing we ootice ii that ia a fonotion 




k 


whan 


OE 

dt 


_5*_ 

^ ^1 dt J 


Thu to firdt order in bioilII qaantiilea, 


■^1 

't at 


'1 lit 


1 - vf 






¥n diao h&n 


‘**'3 , 

»■_ 


[a.3-s) 


(s.3,a) 


A light ray alons tho direction is tlierifdre deflected in the dlrcE^ 

tian hy BO Bmount depending on the gradient of * In a wave picture tbia 

reqairen an acoelerntion ip the direct1OH« If we set 

hEVj ^ Pj 


then 


dt 


at 


- V, 


dE 

dt -^^1 


dt 






11 


at 


^1= 




11 


hk\ 

- ^ ¥t j 


Hsi 


iihloli on pmltiplylng hy jialde figaiii. 


Thi refractive index necaBeBry to prodnoe the deflection la the direction 

ix^lied by (6.3.S) reqpirea 

•i- 

and hCDcd 



ORAVltATIUKAL WA^'ES 


111 


Far mptlciit 


at 


aL 


11 

di 


dt 


1= 0 


an d 


'/l - k' 


Z ^2 


h i 

o I 


In the praseqca of othEr forE«E 

*^1 


ait 


<h; ^ ” Pi ’ 
dt “ 


11 




{B.a,8) 


and follovlng. tba argmoeDta of a«crtian &,A w mtikfl tbfi- hev definitioA 

(i + aij)E^Vj 


Pj - (J + bjj) pj = 


1 


Thui tbe rent ocifirify is uncbftiiged, the rtlooiijf of li^ht io the direct ion 

ii = l-h^^ nnd the feet eatfs + - Tbe i^uaTkiltj 

It the locally defined test nnorgy ana is- indeed imcluuig^d. Slno^ energy ie 
unaffected I ntopio frequtiiQiefi are uncb&nged end the chozigfi Id the yelooitj of 
l ight tHerefart Ln^jliet that n l«i|£tti Ib changed hy e faelor A» 

D final Pbecki for one dloeiitioiitl notion in e Bohr etin w wite 

^mvf - = oonstajil 

1 

nnid this ie indeed Aatiaficd to flret order in hjj^ It and 

- eVd + hj,) , 


¥t htkva then e coMietent picture in the ^irit of eeciioii S-fi- the effect 
af gravitatiDnal wares on the Beparetian al two CQaaeoet iaitiolly at reet, ii 
to proTjOe a reletiYe Bcceleraticii 

"a? 


«I®3I 


at* J *** 


(a.s-i) 


X |b the eeparniloQ in the J dfreotioB in the Bheeftte of th« wove 
J 


iriiere 

ana oil veBAur^entfl ore made locolly. 


PoloriBatina pronertioK of grer-itotlonel ^aV^j, 

The tvo independent poIoTiaations arc givco by a-h^^) Bad 

(hjj S: hjj}. 
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GJUniATlQN ANP RELATTVTTY 


COPJidor B iiet of four arr-uiged «t t|]« CDflltra of n square tn^r— 

Ml io the direatiop of propo^ntiop of the gravitHtl4>nai MiiVe, Tbia fa tlie 
■iRlouB oet at particles naceewiry to bring out the getieral faBtorBa^ since 
we need two pariioLea to detect any effect and each polariaation affects 
length Deasureaenta in two ortbogonel direct Lons eunuItanoouBiy^ li'« obtoin 
tbe sequencee ahown in S.4«l» 

t 

**-\-** • + • *_|_* 

t 



^^= ^1 

Fig.6»4.1 Fbaitlafu and -relocitiaa of four teat parliclea 
In o plane nonnal to tbe direotion of a eteody incident 
graritatioual wore^ e# cb I erred locally. The ooiifigura- 
iiona arc shown every quarter period 

For a general wave we can odabine theae two polar!sotions with any Biagtiitudea 
and relative jdiase. It is clear that tbeee Tlbratlcns are quadrupo-ie In. 
character and that the clsafintary Dode of vlbratloD Induced by a gravitational 
wave is qiiadmpole, Just as the e|«entary node of vibratipn indeed by ait 
eleotronaguetic wave is dipole (dipole OBieillatipna cacinot esiat far gravity 
because there Is no negative mass and hence no gravitatiqnal dipola)* 


Detection of gravitational vavea 


Dur Blenentary gravitational 
aatfliuia irill thef*fdr« conslet of h 
pair of sastes connected by a 

spring if we want to euike a resonant Fig. &-^-l 

antenna, with Bpao ■eans of Bfiasnrlag the separation, (Fig, The equa¬ 

tion of BUOh au antenna uan than he UrTltten, for the Cbbo where the onterma is 


aligned wi th aue of the prinelpol stress axes , 




caiAmjtnoNXi. waves 


vherQ li 'tha BepuratiDn of the BBadeA A£id K Is the cTi-onge in itep^ 

I'Btion. At flsw^o frwjneiicy ii^b* 

l=- - ° - , (8.fi,2) 


The flprini ooDwiAiit cwtrelv the reibanaiit frdq^iieDcy aod the dailiiilg conrtfint 
V the Q tbIud the detector^ A pnmll value of y iiv*o a nai^fdw band 
BBteczkBT vitb a high Q, vhtle large Y indreaaeB the banidvidth. If the fra^ 
queues Eipread in a gravitatiaiifll wave Is « Y, the eenaitivity oi the deteetor 
to frequantieB oranad uu^ depends Inveraeiy on Y - If the gravitatiaiiBl 
radiatian ia broad bondp boweveFi the energy absorbed i« indEpEndemt ql y. 


Ve should also note that im antenna of this kind haa dir#ctiait&l propertiea. 
The qaantity hjc Varies as ooa2^ or pic ^^ aa va raiabe the aEia about 
the direction of pFopagation of the vare; measuriEqi frail the i^ili the 
torpor reanlt is for {h|^ , ^22^ letter tor ^ ehange 

the angle hetveen tha aria of the antenna and the direction of propagaticiif 
the tidal forces act an the projected separation X- thaa intraikiciiig a tersi in 
■ in S . the tidal farce h Lain 3 acta Tienul to the direction of prapagation 
but loiigitadlBal ostillatiDiia af the detector of amplitude 4 arc induced by 
ttae copponent of this force along the deteetor axiBt iutrockiciug a second fac¬ 
tor of sin 6 ^ Therefore 

—^ h L ain^l coa 2Cp 


tar a polarlaatioa. (h, 


Fig3.$«2 The angular reeponyie of an clenentary grwitaiianal 
veve detectorj The detector shown in the figure makea an angle 
6 ^itb the directinn of propagation of the vave and has an 
axinutli neaanred frop the ^Irectioop wave slmwtL ie 

aharacteri sad by (h . ^ h a - 
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<aiAviTjm:(Mi jmi UMiMrivTinf 


The t^tQction of jera^ltatioDAl vhV9B i« ftiacnsa^i^ in detail la the raoeat books 
hj Kiantr, Thuro# and Vfaoalar, lusd hy ¥iiiibojr£^ tslp lisTe ve will only irorlt 
out m f^m tinfuL revulto. Va taka tbfl caao of a datoctoi' oLiipie^ with one of 
the Btresp ^ep of tbe grevitJiti onal wnrrot so th»t 


tO^ b : 




0^^ i YiD 1U_ li^ 


+ 1 ^ 


Than 


dt 


Ul- « + 1 

D ^ 


(a.5.3) 


(a. 8 > 4 ) 


rM 

(It sliould bi rsBosborcd that in thaao oquatLaOd li has Iba dili^e£LdiotlB ^ ^ 
that la, it ia dtawnslDoIatfa^) 




Looking dwraelTfio flrnly Into tbo local ayatm of courdijaatas defined by foal 
noaaurlng rods, tho ataaly otato TlbratlDEial energy of the antemiB, In b bqdo- 
obroiMittc wave, ia 

£ 

T 

IhB rate of flissipatson of energy ia t ^ where t ^ l/ti *o tha rata of 
Bbaorptlon of energy fron the wove am at be 


6 - 






3 G 


Q e_,o 




t ■ 


^ 8 , 5 , 5 ) 


f \5 -if 

Averogidg Eq^ ovar a broad frequency himd gets rid of 


quantity 



(&.a.e} 


?iow the 


haa the dlrntnaioda of Oaergy fiy<l. ¥e Ftiiirlte the enargy afapiorbed each aeeond 


ds 



(ui -^ 



u/^ hf c ^ 
a 


] 


(8.5.T) 


Th« l«ft-liMd box bs» the dlnensionii of an ar«a and voiitBina i^iiantitlaa chAzic- 

teriatlc only of the detector^ It a m at rep^sc^ t the troao-aectlon of tbo 
detector for the aboorbtlon of energy fron the wove. The rl^t’^luuid boat haa 
the diBensloni of bd onei^gy fliti and muet repreaent the energy flux in tha wave, 
down to a ntuierical conatoni* 


he jmy tentatively gueaa that tha inatantanoaua eoergy fliut aoaociated with 
(hjj , hgg) ia 1 
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ah. 




i—} * k-S-J 1 ■ 

[mi w ii^feH Hort *r AonB-^ in the light tyf pnr knp-ylei^e of Kevtopinti 

gruvity. Th^ grpritatiaiutl aftlf-rcncrgy can be writ ten mi 

- ail I (• 2 '‘«)' ® 

vitb b beviug dinanMian# | and wlita. h dinfipsicnleBB mm 

- §4 J ’] 

With ~h„=b..-h , this bIt«* ua an tine «Tare«inft on EOirgy 

2S 11 O 


flea 


S m «F 


with h diiaeneieTii^a^i or if h baa dinep^ionB , 




d o 




(S.H.B) 

(a.5-8*) 


With this t«titiitlv« identifiEBtiDa (apta that vc hav« atteBptea no proper deri^ 
VBtion of the enargy flni in gravitatioiuil radiatioa) ue find the oroBB-section 
of the Bin^le aatemia hsTe heeii ccnaJdariiiB to he 


u 



(a,_ qu^)* ♦ ^ 


(a*&-0) 


for B BlcgJ# iroc|iio'n>cy near reacimiaco. In {8*S,0) wi! have anpfprfreBtd thtf 
anffular flupeiidaflc# of the BroBfr-flecttoiip vhiob may he iaaertad hy RHltiplytim 
a factor oln* I coa^S sip If cp in MeaBiired from one of the etrefta oiei nf 
tba nidiattoi3« 


For 0 broBd fraquency band the power ahoorbed eaob second is thuB 

(B.a.io) 

where F(w) d g® is the energy fin* la tbe Itioidant radlatiea hotwoen it 

(II d(iu 

We ere now la a pOBltiOB to coaaidor hriifly BUOh expermentol rOBUlta aa 
exist at preBent (l9Tai) bnt to aet the probleia in ipen^eetiye ve firat diBooBa 
the geuemlidii of g;ra¥iitatiDniil vbvbe and. potalbla aatrophyBical eouroea of 
ouch radiatioiiA 
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53tA\t1:ATI0(H AND BELATIVin 


8,& &tflgrBi|oa gf gravit.ftlia^nfll Vaype 

We vill oonaldfir briefly quadrLipGl« rediqtioii; aach n»re 

detailed dlB^uaeiaUi Mny ba fpimfl in Ki«i«r, Thame and Wheeler aad in 
VeiDherg [4]* 


The solution (8.1^1) of the inhonogeneoaB %*ve equutipn is 

r ^ iz! * ^ 

For r > r' wo tati vrite this as 


h^(L. J (e' > ^ - 1e-e' 1) ' (e.a.i) 


For a fixed frequency 




f\ g-l||)t 


and if the uAvelen^th ia large in oompeir 1 son vith the diiseiiEianq of the- source 
the corraotiona to the phase of due to varietifin of nay ho i|f- 

naredi giving 






Ve expect thta opproxiutiod ta corraapond to quadmpole radintloD^ Juot ao 
the equivalent appraxi^tion In al^otropagnetio theory carreapouda to dipole 
radiatioo. 


¥e have 


where 


VJV^^ ^ r I 




T t> 


_ f 3- d^r' 

and w« are iuterepted in and 




far a partlele of saaa H, For a single fixed frequency 

''^ij ~^ 

and go 

where Q^j 1« the ei^ilitulle of the queilrupeLe fluotuetien. 


(B.S.5) 


(a.*. 4 ) 


If ve Work in nnlts vlth h dimeda ionics a ^ and write in e eiplicitly 



CaUVITATIONAL MVBS 


lit 



(0,0. e) 

(B.O.O) 


We can naWo n I«w Rumtriciil Betimta*, Sup^WEe w hora a clou biftsry EyataD 
witli a period I •“ lO houra, the nMflB of PBOh TnenijBr boiog Tben 

, CK ^ 

tl •* ( y * 2 J« cm 

^ 2 Tl ^ 

Q K? 10^® gffi cm^ t Cfl 3 X 10"^ eT^ i 

Jind 

p n= loP® Wf 

irfiieh io ID-* o# tte lumiaoeity ol tJie Itie energy of DiDttnii 

i« « *rg*, wid m tht dtcaj? tiffl« to raiJiiitioa ftf griTitatlonBl waves 

j« M sec “ 10* yeBr 0 + Ibis 1* a jMfrfeetly realistic VKwple (tiii-p syfltrai 

cantaiDin^ the pulear POT 1013+16 hbt v*ry Bwcli titeae chai-acterlsties)« 


As a H>re extroiM! and Iesb realistic eystcn suppose tlierft ta fee ft pair of nea- 
tran atarft, uftNioa --bat aeparatsd by only lO'^ cm , Tbe period wald be 
■» 10"^ &*t, lO*‘'gBi cffl^ and the power rodlated » 10“ «r* s“^* The eaergy 

in orbital isiitldn woald be ^10^^ erg ond thm eorre^wniJiJiit decay time ^lyearp 
(UlIb is only ofto of tbe reeaade why this exwple is ciLrealiatlo.) 

Finally I suppose we have a ueutron star rotating di a fre^iweney idJ 10^ a 
This bind ef frequency results if you eoasi-Oer s star with the jndss, radius 
and rotation periad of tha Sun collapsing in a rodini ^ 10* nm with Intomol 
canservation of Angular DOpentuiB. A slBilar rooult is obtAlDod by extrapo¬ 
lating back the ftlawdowii rate of the pulsar NP 0033i in the Crab nebula| to 
iti birth, tOM (The present puUo period i« 33m a J Then 

. P pw 10"^^ IqI® erg 

end Q 10*^ e where e ia on eltiptlcity factor mensuTiug a departure frois 
rdtaiioofil eyranistryB 

p « Iff*- ^rg s"^ 

ond the rotatlotuil energy is * 10^^ ^rgs, the condiLions described are close 
to breakup ond so in the early stages of ueatron star fomstlon one sight get 
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aRAVTTATIOH ANO HBIiATTVTTY 


uj-gpi for nroimd 1 sec « If tbe nmittaa ey^ida breakup end 

down vltb # ^ tkfla 

P « 1&*® BITg fiF™^ 

nad the slowdbviTi period is *»1 year, 

Ve may coapure tiieae figures witk ilio total anorgy rdleaeod us gravitatioEuil 
collupse of a ^tnr llki? tliff t« nrrcIeuF doaslli te ubere H 10^ qb , Tkin 
Is -M #Tgs t The oonreraidi] of 1 inta gra¥iiatiocia.l enerfy wpu3.d 
yield fciO^*ergs- 

It wutild BOtin that we have eio right to eitpert sourc^e of grovitatioml rodio^ ^ 

tioc praduoiui^ than ^ IQl®* erg nrer "i i see or oioro thtiii « erg a"^ 

►"S 

aver year, at least jf he rSHtTiet oiireeXrea to sxnplc stoller' eyatsiiLs. 

fl pT AtteagtB_ to detett gray-i tationgl ygyeii 

Suppose we ha^e a tnirat of |^e¥ttationfil radietiou leatfiig ^iaec ■ 

The energy aheorhed In a eimple reaonotit aEittnno ia 

Pj > J 9 01 •m GHII^K^ Ptuj„) fa- 7 , 1 ) 

where N, 1/ and x are cliamcterlotlca of the luiteiifui. 

0 0 

The first attempt e to detect grsrrilstioiml radialiou were made hy Vohar [l} 
who en^ioyed oa deiecioru aeversl aluaniniuiD cyilitderB in Maryland and m aeoond 

orruy ot jlrgoanei Bo™ lOutikn 

Theae cylinders hare a tassB of lA X 10^ gm , a length of i;&3 cm anci the natural 
frequeney of th# loweat longi ted Inal vihrotlon made fa IdSOOip^s# For nuch n 
cvllndor 

Pj - Ffu,^) erg , 

If we take as B rciiigb guide to the aigiuil diieeranble ohoFe noise 

> kT «= S X 10"^* erg 

for s Tioise ienperntur# of K ^ tlion for a poise to ho detecisble 
Ffu^^) > it* srg per cycle. 

The taial energy flna woyld Imre to he > 10^ erg cm"® b"^ over the period of 
the pulse, If the oource were Inoated at the galnctU centre and rsdiating 
ksatropiCdlly, this nesna an energy release > erg to Blake Up the paisej 

net impesBiblef but nudging the uppar limits we worked out In the prewlouo 
Be-oiiaii» 

SSuppoae on the other Hand l^Q0o,p.s« la osseiitiully on frequency for the 
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rvt^tion of a m>lliipseel dlfifonnod «t«r. This pow^r picked up e«ci)i aecodd tbtUk 
dependB Qn tJat Q value af o rdsottAdi ont^tllQAI for Weber*0 cylluderA the cxttk- 
sivit V ^ 0*1 * 

TTid energy absorbed each seccnO (lO^*"*/v) F erg* where F la the inci¬ 

dent flux. If ihe Sitciidly state vibraticPAl tmerjiy IcT for detection of thli 
elgtul, hnil the natiiral decny tiew of Tibraticnp ia the cylinder ie '^lOsec, 
then F R= 10* erg , Tbla corroapondp to on iaotropic suurce at tb# 

n^eatre of the galaxy radiating =t lO*^ erg wT^ * 

We nay eonciud# that if we can plcfc up iuihiced elbraticmd at thia noiae 
cataatropbic event a £iear the sentr* of the galaxy are detegtahle, tnit aieady 
aiugle frequeney Bignaln qf thti kind that Bight be proAn^ed over the first few 
yenra after □eutron atar fonBatiou wnuld Imre to have a fairly local Bo-iirce, 

BOy within ©*IHM light yeers# 

It la Balutory t 9 ^alculnte the amplitude of vibration cerreaponding to an 
anergy 10^^ * - 1 C^Jerga * 

10-^^ ^ (ix)^ (ii*)® 

0 

Bo Ax lET^ -OQ * This la leas thsn the dimBeter of «i atmic nucleon^ 

The carreaponding otrain la 10”^*^ - 10“^* - There are in fact Bovcral ways of 
uenouring dLspIacaBLqntP and strains of tiiese slieo. Weberns detectors atflix# 
the pleiO'^Icctric effect^ with piesp-eioctrlc tranodacero glued to the alOea 
of the alkuoinltiDi cylindern Ij 3 other aiiailar antennae, two Half cylindera are 
bonded together via a slab of plezo-eieetrin jaaterial. The piexo^lectrto 
f i rot used by Weber vsp qusrtsi whieb deveiopK 0. IG x Geuioniti scrfaco charge per 
Square inetFo for n strain x* 1^1 b correspands to an -electric dipole looBent 
per cithic eentliietre of e-oa for a atrsin nf i ti dipoie iBoitieiit per 

nDlecule ^ 10"^* c-cp * ^ch s dipi^le nuDoni nsBotia a soporatiofi of unit clec-^ 
iron chiirgCB of ^ atoulc dJioictera, a Tract Icnal dispLaceaieDt of sharge 

of the BontB ordar se the otrsln « 

In Weberns IstCT work ha Used enromic bariniB 
ti tana to truiie^ck^ra t 4d of dlMin Bions 

5Xh>^l*2 qn^ banded bo the oquator of ih# 
oylinder, where tho Btrain Is greatest Ejd]i 
With B aurlace srea of ai SOO ma^ the total 
charge produced for a strain of la 

m Coulomb, ODE clectrcn charge* This 

fluctuatiug charge was measured from th* 


Antenna 



o t- £ 
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voltage dffvalDped aernaB a bijth Ve^Br [?] giv^a th? ^QuivBlent clr-^ 

«iii of Fig. 8-7-1, with C » fiXKT^f , hm l.li hcf»ry, B = 0,1 dhBM. Thfr 
Inpedanco of this parallel tune^l la 

H + i ujL 

ai w€ - + 1 

which ia approziiBBtely t/BC on reMnaEicef ^ ^ flliove vbIubb^ 

{v^ n lO^c^p^a. I and 3!^ ±= ohaa ^ 

Since V ? IZ ■ idq Z the u^lituOe of the voltage developed is ^ icr* volts 
for a charge of 10“*^'* Cooiosd], Thia floetuating voltage is then fed through 
B low notae avq^lifler. 

Another techniqne that haa heea used i# to sanoe the relative displocenLent of 
the code of b cylinder through changas in the eapaeitance of o parallel ploto 
cBpacitor with one plate linked to each end. A rolativo diB|iIaceiiont af the 
ends of Avplitude 4 X has been oensod aa a radio frequency voltage 

of aoplitude 4 k 10"'^ volta^ [bJ- 

Dieplaceiienta 10“^^ c® have eleo boon oeaBurod using Lasors^ Timing ppulses 
is limited to ^10cm accuracy^ measiireaent of fringe sfiifta in opticnl intar- 
ferometry to « cm ^ hut by pjdcing out the bout froquaney between light 
refloctcd hock over a Ouctuating path length and light which hae travelled a 
fired path, vory smoll asplitudaa can be wasnred. A bOWo.p-a- vihrotioa 
of amplitude 3 k ca hna been meaBui ed in thla way [q]- This wep done 

with 0 laner heam^ the two pptha hBing Bnap of B Hiclielpon interferometer. 

After rECOmblnii:^ the split hoam the onplituile is 

Alainii^t + sin(w] t+cp) I {S-7.2) 

where m is the phase difference between the faeaiiD that traversed the Bctive 
and pasEiTc a nan of the Interferoiieter- 

ip = i(t) + 

where X ie the instButozieoiis an^litude of the vibrntiac]. The recoisbiaed 

beBB io detected photoelecrtricslly end the output of the photodetoct-or iB pror,' 

portlonnl to the square of Eq* {8*7*2} which after averaging over the optical 

frequency vihrations is --- 

gsid^wt [l + cos * 

For auixiiPaA aensltivityT chouso = tt/S when the beat sig^l is 

« 3k^ BiJl^ Wt Mt)]| > 



OUlVITATICSKAL wa^ts 
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Let- z iin w'^lt anti for rinnlL beai is 

0 ** 

3A^ ^ K sin uJ^t 

A o 

flCd tltfl DDpl itufle of the heat flignal yielOfl ^ '*^<5 livituiii factor in 

the work of refflr€fice tftl was photon noiae« 

Weber [s,7l has reported CDlnciaenees betveea hie Heryland blOcI Ar«crpie erraya 
at the rate of *^100 p*r yeer^ apparently osplluble only in torae of pulaea 
of j^ravitatloiial radiatiofl. In he reported «erca eveots/day above a 

lerel of kl/loo^ [lo]. Do hae uaod the ain'^e dependence of tbo croa&- 
eection to get diroctioo infonation, findiog the rate to he correlated with 
BinereaL tinw {but alet with Jolor tiae). ¥*ber olfltaa a clear rsee^bt of 
pulacB trmrelllng along a llu# Joining the E»Iar systea vith tb# galaetir cen^ 
tre [11 ] (with a simple qnodrupdle onteona It 1* not paaBifale to tell which 
way such puLeea are trorelliBg}^ 

These roeulte are aetoitiabing^ aiperuoTfl e^cploBlpua ore obeerred friua Earth 
in otir giilaxy every few hyjldred yeiirB* FlfOB obeorvBtiotta of other gulaxies 
m total rote of about 1 Bupernoro tn 30 years 1 i*p Iheed inferred. For Ibo- 
tropio radiatioDt lOQ detectable pnleea each year from the centre of the 
gelaxy iaplios an energy output > lO^^erg each year, tbia is greater iJian 
the energy radiated bb atarlight £a galaxy, as^ aeone the oonwerBlon Into 
gravitational waves of >100 aacli year. The goloxy oojitaina stars 

and has OJtlsted for - years: this is a level ai which galactic dynamitB 

ahould bo visibly affected^ 

If Vehfrr's interpretation of his data is corroct, it would aeciD that either 
the ro dial Ion Brnsi be strongly beoBwd in the galaetic plane or that activity 
in the core of th* galaxy baa anly recently switched on. In either case tbo 
core of our gBlaxy sust be s far more violent region than we- had ony prior 
reason to suspect, 

A number of other detectors of gravitatIonnl radiation hove been brought 
intu operation over thw last lew years In no cose has any indBpen- 

dent experinent confirmed Vf^faor's excitlag ohservatlpna, which octordii^ly 
■mst be regarded aa far froio provon. 

At present gravitational wave detertora are probing iotu the regian of sciisi-' 
tlvlty to atrains and the ultimata hope is to aohiovc a seneitivlty 

aafficiant to detect caloolysailc evetiiB uocurriag m tbe rich Virgo duatar 
of galaxies^ 
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fHAI'll R'l 

GRAVITATtON AND THE GEOMETRY OF SPACETIME 


0,1 IntroJUiitinB 

throiigbaut moAt of tiki# book we bivo i-n tht Jtttiidard 

OAordlimte p-ystEnta of Special relptiTtty, Wc aal up "His covariant 

Squatibufl for- ttkA texiofir j£tav it-a11 oiial ficHl auC ebleulAtod tbe doflattiun of 
light rolatilyi^ to audi Qiyat|iiaji refoTOPO* fraiM, atid the ta^at ooho daLa>' 
due ta tha Intaraotion of ftltetruiwjjnetlo vavkh with the gTHfritutioBal flild* 
The equAtiona of motlaa thit wro loroefl on tifl requirefl a rEiSefitiitiufl of 
moBiuiiiuiD In Addition to the obiriotiA rodoflniMpn of energy In the proaonofr of 
gravitation^ and we then flts cove rod tb*t a gr^xfea.tioiaol potanttnl distort! 
physical meaatirinji rodo and hIowb down a locks« relative to ouj OlynipiBii refer™ 
encB fraiio. Ill fi freely faUing lftborat4kry of suoli & oIkc that rhaAgoa tn 
the gravitational potential ovor the laboratory coiilil be aaglacted, wo fukiod 
the velocity of iight^ hp it would h« BKioiraTed+ to be conatant. Ve also foufld 
tiiat the kiheHatic eqimtlorto af apooiil relotivity recovor their etajidard form 
when everything im Beaanred in local loimi* An n rona^qUionca the principle 
of equivalencfr tmldp (at leaet fur light and ralativiatlc kiaemitLcR} and the 
01>inpiBn refereate fraJM locally iiuobservalilE^ 

In these flircuffliftanireo wd Bay olthor adopt the point of view that gravity 
bRuds neaeuriikg aticka and eiuwa clockp In the apacotlw of special relntivlty, 
or we lOay oonsidor these inDlnaiiOllt A PP flubedOed Id n aphoetllie fdlich 1* Itoalf 
difltortod by the preaence cf hmisSa fVcLB the Cnncer point of viirw tt Bigtit 
prove advan tag eons to forBulate the theory of ernvitatioa in tonas of the 
locally BeBBTured quant it isB rather than pitting in an roobaervablo roforence 
froBo^ fj^jB the latter point of view it Ls the ohvluns woy to proceed^ 

The principlo of equjvalunce Jis put in am the ptarting point, in thv following 
form. In a autflclently mil rngioti of apacettfle, the lawa of phyplca In n 
freely falling loborotory are the Iowa af speciol relativityp including their 
mmerical Eontont, The lows of phyaios In any other referanoo fraiM — o 
roference frame locked to 0 gravitating body will unynlly prove boo! conv*- 
nidit w he obtoinod by o onordlimte transfanoatiDii alooo, and this imns— 
fonnatlon im linked to the grBvttatlona] fields. 
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^iHAV ITATIO^ AND REUtTmiY 


tti^ irntififoniiitionii link Inert frtmtf atifl ^ wit 

eaDt^in any grn^^ltatiaiia) attrll^utei. le an qecslerntififl Iram^ InerLial 
force* Bppear vbicb are r^flectad in t.ho traDaformatlnnsi the recipe is to 
irnnaforgi from A giVEn inertial frnne la the inatantnneauily eoti^viiig fran^ 

Thepo jnertiaL forces regar^ied aa gravitsti-OTinl forcer, hot of a partis 

color kind. Thera eiiot* a troneXomiation [hack to the originBl tnErtial 
frame or onj other) that cancel• t.liem coiqiletely, a^'er^hero itcd everywhen^ 

No each trnna format ion eaiats for pamtaneni p-a?i totionol fields, A opsce- 
croft in free fall close to the earth has an aorelerotinn be meamred in 

an i^arthMsed Bryst™ of coordinatea. In a frame of rofereiite falling with the 

ppococraft there are (locally) no graTitatloEiiil effects. The two fTamee ore 
linked hy a coordiiiatc tmnefoififlBtion^ Bat ff one apAcecraft la falling 

words the Atlantic Ucfian and atiother tQwnrd* Slheria^ the two aesattatod freely 
falliog frames ore approaGhlng each other at --20 Icai La one freely falling 

frame the ather epacocraft appoor's to ho afjceleraling ot ■^2^^ due to the grari^ 
tational field of the earth- It ia wheq permanent gmvitatioiui] fieldg are 
pro son t that we speek of o curved spacetiiBe, for what over glphal tranefonantlon 
of coordinates we mko^ wo counot globally get rid of gravitation. 


flp2 l^e watTic tensor and equations of aotion in free fall 

Ve shall be oonaidoring parttolc dynaioica and the propagation of light 
in gravltatlanal fields. Consider a freely falling partial® oe vieved from a 
local freely falling frotou. The principle &1 Luiiiiue acceleration tclli US 
that any *ncb particle ia not accaleraiine in the locai freely falling frame. 
Set up in auoti a frame the standard sxea of special relativity X ^ (x,yt£, itt) 
whore ii mna from I ici 4^. Lack af acceleration is written ae 




= 0 


f9,2.l) 


where j runs frem 1 to 3. Hie proper tine eiapisd In the rent frene of the 
particle is a t^rentz Invorlont given by 

dT® =--tLt^dX^ (fi-12.2) 


with 0^1- Becaiiee there is no aoceleratiDn on Interval of pi>Dp«r Lime 6 t 
la atrictly propartianal to an interval of coordinate tiate At in a local 
freely falling frauHi, bo Eq^ omy be written in the fora 



{ft,3-3) 


It is convenient to redefine the toordinotag in « freely falling framo eo that 


GiurrrAiTON awj toe geohetov of spacetimi: 
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vben w« have in place cf {fi.3.3] 

nH 

-^=0 

vltt th^ Invmriiitit iiitervkil^ which corrctpondi to proper lisle on Ite partiolOt 


. 1 a= e-1.2,3 

= -i a= p 0 

w 0 E 


(e.s.5) 


Ee iMjw wmks m treupfonoBtiDn to oaDther refertoeo frope In vtaich tbe particle 
coordinates are , whore \L uo^ nuta friiB D to 3 » Ve det not at tliii 
stage attach any elgnificofice to this frojite of ooerdlnatea^ fbs trons- 
fornution might denote sotiBGihitia aa trivial an a redefinitfon of the eoordi- 
nates in the origloal frame, for eaQiiipIa = to if there wps soBe point 
in doing tbla^ (fhla sort of transfomatidn la made wbenerer IcgerithiDic 
graph paper I* eped») %e ironsfonsutIon might merely he to another frono 
related to the original hy the Lorents tramforsationi to en anceierstLEig 
frame In the absence of peramietit gravitational fleldVi or to a fras# of 
reference locked to a gravitating ehjeot like the Sdo^ Bo far^ it doea Qet 
matter,^ The prescription that ve fnllo^w is that the tranpfornftd phyaioal 
Lavs are still valid and trith the aamo ntii»ricnZ content. In pax^ioiilar, on 
invariant such as proper siaas or ati interval of proper time still has the same 
nmBorlcol valiie« l^yaieai laws which EBtintain their fona and nusHrlcaL cnrw 
tent under such general transfonaationa are generally covorlaot (as nppoaed 
to seoroly Lorentx covarinnt]! and this is the origin of the terB general 
relativity^ 


Either the old set cf cnordioates 5 *** the nov eet * “^nrs auftioieut to 

&■ P" 

de«cri 1 )e conpletelf tht kntlou of a test lurtlcl^. We nsy tiwrefore write 




{9.2.B} 


This i« Just an expansion In terms of partial differentials^ Therefore 

- - '■be $ S % 


= - g ^ dj£ dr 


where 


(9,2.7) 



ORAVITATIOIf AfO REtAItViTY 




(B.3.8) 


Ih^ quantity is clenrlj syKeti-ic, l-t is iaipsirtaiit ts note ttiat the 

quAntltj dT^ ia ifonenlly ineariantn heiring the OBiat ealoe in either the 
^fron« ar tb* x^from. For oxewple, in on inertiaJ frame (o loceil fre«ly 
foiling frame) the ibeariaiit interval la aero far light. In no arbitrary 
coordiiute ayatem therefore the propagation of light mat fallow the equaiion 

an^ th:|a IP h gstier^lly &n/rariBUt pquhtion. With kn iEVVAriaiit, ttny 

ImaitarBi £q, (^02^4) ae folloiva 


— {^1 
Jt \ dT J 


liafi 

S*y <IT? 


dT dir J 

dT dTla* J 
u 

d* d* 

^ -J g 

dT dT Sac ^ . 

U V 


= D . 


Tlii® !■ AgAin jimt AH (^stpmiRlno in twrmm of partial d|fferentlalat remcniberiiiB 
tlwt Doi^er 5^ ner oro explicit fqnctlops T i 

W4? bpve 0 Qi four pquatipas relotiog the fq^r ConlpatlOllta of loyr- 

ADcelarfltion to the four-T«looitieo and th& partial diffErential cocffieiaatae 
¥o Boy AoLve the* iUsuItoTieoualy t* obtein the four-aeqelBratlcm^ liiltlply 
each of th« Joor oquallonar lehellDd by the only IndEx whiah is not dumiiy, Og 
by the quAUtlty %her-B \ Iibb any value froa 0 to 3 , and add all 

four eqnationa» This operatioo ia eaBily aritten oalng the conrczitian af om- 
■wtioD. over rcpoatod indites ^ 




(9.2, ft) 


?^oa note tlifti 


■ **1. ■ ^ 

becoLiSO each coordinate in one ayEtOD ia q fdOC-tlotl of the fqUr troorditiiiliee in 
the other ayfiteD.p Thiia on miming over Qt ve only raiain the tern far %hich 
|i * X In the left--tLRnd piece of (Qe 2 a 9 ) . Then 
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dx 

___ti 

_a 

dt 

dT 

V 


1 dbc 

Ax 


M ' 




Ibe eqiiatien (a.S.lO) uontBiHH * aingl^ tpafficlept eqiqiDBtd of partial differ- 
flQtiali ane3 we wrii& 

d^i- i dK a* 


pv dT at 




the toflfflcleat j« a function only of the coordinaton 


Now WB xiDtico tb^t 






hx &E 
U V 




and ia rlrfirly role ted to the r*. It loitltB on thputfh tbo P* cm he 
cxpreoeed la tereia of the quantity and ito firat derlTBtivoe nnd we can 

ot once anticipate that the g^ can be interpreted aa gravltet ional potea- 
tiole nJld the F’i an grcfritational fieliU* 


-iV . rP 

K *'v*‘v " 

wo Ml? Boltiply by auMiin* ever p on the eide before 

Qttcdirptinft to over wb buTB 

■ 5 " aC “ aT. “ 


«a tliat 


P'yP'v S 


Sub fttl tilting in Bq. (0e2«lS} 






The only dMomy variafale in p, on Bi. (9*2>i3) ia aborthand for a aet of 64 
equatioDa rolat jiq| the 64 Iirat derivatiToo of g^ to the 64 quantitiOa T, 
(aecauae lo oj™ietrlc With only ten ludependeJit cac^OTieiftB we aotoally 

bare 40 equotiona relating 40 darlvatirea to 40 iDdapondent F*e»} Tliepe 
equationo nay be abuffled around, £l] , to yield 
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im^tVrTATION AMI RELATIVITY 


the quantity g 
W« thufl hav«' 


V^J 




£b the itiver»r of g , d«fliled by g^g 

^CAii ® “op 

^ 7 


df 


d^a. 



dT^ ^U ^p ■* 


=1 Id _ 

v#J 

(9.2,15) 

(fl.a.ie) 


At tbia a^ge hb aay tbraw nway tba pBriial differentiBla tnvftivi ng tbft 
S'B, ubich are oiTly Ipcally defineEi, mj thi cquatiaua of frve full ar« ax- 
preaaed In torma of tho purely geonuBtric gunntity on-a ita first derl- 

vati^BB. The quantity g la caliad tb« Ktrio lenanr ood t1)« quutltleo 

X ^ 

r the afftiie Eonneotiiiiie, 

Mv 

Eq, (6.4.11) nay b# revritlen nitb the mb? indices as (g.R.16) Ut 
Co^^ariaon, (6i4tll) b0CD»a 


Sfa, 


(j . jh j ^ . i^.iiE.zse-i 

' pft. dT^ ' ^ " 


di,, stir 


dT 


dT 


{fl.3-17) 


EqUntioQ (0.2.1i} la In tenoB of purely l^oOBOirlo qiiantitiaa and h?art 

4 erent rEaendalsPce to Eq. (fl.2.17) Written In t?nia of gi-avi loti anal potop^ 
Liala^ If we were to oot 


“pX - V 


the oquatlono voold le ld«n>ti&al« 
fa 1 Iowa the coov^ntlon 

X. 


It nmot be remembered that Eq. (9^2.16) 

(et, X, j, a) 


while Bq. (&-2-17) followa the coEiF^eci.tioil of opOi^iBl reiatlTity 

m (5 j T j. Z j, icT) . 

We eould cTeajrly have follc^wed the latter camrention in tbe precediii^ wDriiE,^ In 

whieb ojiaf^ In the abBence of frnTitotional fiolda g 6 rather thau 

UV |hii 

■mw " ^iw’ 

Theee two eqoatlona or® ther«fare idonticnl when written haitig -the aaioe coiweriw 
tiafie add in the lot conventlan identifying 

Bi, 




h +3b 

^ UL\J 


(We fioiilo equally well rotrrite Eq* (O.Q.ll) and related equatione in the 
■ ot oonvoution,) Hie tBma of the aetrie teiiaor thua reprojinti gravito— 
titiiifll potentiala and their derlTailTei graritatlanal foree fielda + the worb 
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of thitt asifi that flf flection tt« ftlc*ly togetlier^ have hawo^v^r 

no recipe eo fer ictr finding the g correEppudinn to a perpanetit j^mvitu^ 
tioniil field. 


9,3 Conggrnioa the field pguntiat^B 

In Chapter 4 Kff w#re faced ^ith the prohleia of liading the grerlte- 
ticnnl potentials vithin the framei^ort of epeoiel Telntlvltyi Ve eolTpa this 
prohlen hy aearchlJig for Loreiit* oovariant equationv with tha rigbi Nevtonian 
Unit I and had theC to dpte^p^;ln^e the fifkiil fona hy appealing tfl the Beoanreoaent 
of tbe defleotiaB of light hy the Sun. The teneoj- ^h^ry w* oonetruoted turned 
out in Chapter & ta have a gauge iavarianoe property and carrespond to i^3lii 2 
grovltfitlona. The Einstein field eqnationfr for the are detenulnod ty 

r«|iilring that the eoejrgy-^iaoniflntuiii te-nsoT a^inlL he the aource snd that tha 
right h'evtoniBn llait obtnlna. Ihe equation wpst therttfore be Miivathiiig like 




( 0 - 3 . 1 ) 


where J la tho energy-OHitaentuB tenaor of Everything except gravitation end 

1_I (a ibr equivalsiat in general coordlnatee- pf the d'Alemhertlon eperator in 

Cartesian coordinateii. The ^ recognieea the prehahillty that the Left-hand 
aide will also contain products of the aprivatlvea of aincE tho gravi- 

tationnl field aaergy la B Muroe of the graritational pateift-iaLi princi¬ 

ple of Btrong oquIvaLence ia then put in ty requiring thnt the equationa 
detenalnlng the gravitational field, alial] thenselves be gEnerallf covarlant^ 
like everything elao. There ia tben only one pgeeihla fori] for tho left-hand 
aide of Eq^ (0^3.1) which givee thi correct Newtonloil lliait * * Fkirthemioro^ 
in a local freely falling frame where ne grovitatinaal effecta ore apparent« 

3 Ie conserved, Thia rEqnirea the left-hand side of {9.3«l) io eatlafy 
|iv 

four identltlao and thia ia only poailhla with one ratLo of the two pieces. 
The aot of ten independent equatipna (Ol) (id-d hecauae 3“^^ Is ayiMietrte) 
with the inpoeefl identities new have four Oegrees of freedom Hwch that if 
g (i) is a selutiont bo U coated from 

g (i) and any epoeified transforBEttlan of eoordlnstee i-* Such a tran^ 

fanantion relates every jc.^ to the correBpanding act of and of coarse can 

never diapose of a penminent gravitational field everywhere^ it Gorreff|M|iidft to 
a redefinitlufi of coorflii^tea in a apocified norved spacetimo. This condition 
is aecossary for general oovarlaiiiii of £q. (0^3,1) ^ which aust, if the principle 


^ A term \ g could be added hut there ia no evidsnce Icr tb« exlatcnee 
of such a temip The quantity X ia known aa the coaaalogleBl oanstant. 
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of Btnjt^ BiqolTalBQOQ is tr^cif 1}« ei|UfiLIy valid Ld any edorOjiia'tQ aj^ataii!. In 
pui' flflt v-paiiB fhflory ihli ctinAitida a|ip#afed pa Id's'ftTianvt. Thr prio- 

cipie of ifencrBl Q^varlflncQ ta tha tfravitatinodl fieia «^:iinilona, 

Btrong eqniT-fllencB^ im fldlfici4£itly povaifft^l firat to riqnir? field M^aaLipjad 
r«4a6iiig the veak rield lijalt to the toudor tfae^ry (thoa predicting the da- 
flection of light hy the Sun rather than uoioji it aa on Inpat) and aatoiidly to 
deternine without anbiguity the full flald equBtfoiPO Including the nonliiLfcor 
effect! dqe to gravity balng b Bource of gravity^ The autiatantlBl mathMaati- 
cal developnout neceaaary to handle all tliie my he found in msny plooea 
It nhonld however be clear that for the Bolution ol o problifin In gravitotiun 
(for planetary mtion qr tho dsfleetion of light by the otin) It la 

firat neceovery to chooio four ooudltionE vhidi of-feotlvoly specify the eoBr- 
diuate ayitoB in which g^ la eaprepecd, Ihe motion of ■ particle or a 
pbotcD can thon be tracked tn this E^ordinate s^^aten through Eqa.(^.2.1&) and 
(Q.2.7)« The epordinate Byatem however faao orbltrary cloaiiata and in imy mw 
la apt locally pb^ervahle^ reflt of thla chapter ie conctriied with vh&t 

the eE^notiaDB of motion in pnch CO’OTdiQ.atee actually meon^ and hew to predict 
the TfipuitB of real pbyoical oeojiuromentB. 


ip4 Tho aetrlc teruor ia aone siTOl^ gltuatioBB 

We Want to relBte the coordinate syotem ia which and the squ^tjonff 

of mot ion are ejcpreBoed to real roeaauraienta- ¥t mploy far this the invariant 
interval 

- («-+•!) 


In on Isflnltoalfflolly moll region of epacetijie labelled with enordipateH 
the lawi of phyaicB are the Boine aB in o Uorentx frame of refereure iiuim«nior4 ly 
at raat with rrepect to thia coordinate patch. Tlila io how BpeclBl relativity 
hondleo accelerationa and it vorka (an* fliapter i)^ In partlouiar, n reol 
Bhnrt laeapuripg rod baa the bhbu length in both ByitouB and idndticq] clocke at 
reat in each ayateia record the ^nme ipielL interval of elnpaed time. In thi 
Lorente frame 

• (9.4.2) 


A filsall rad of apccified mnnfacturo (fpr cmmplef af length 10* carbon atom*) 
baa length (if at reat) 

4^1 != <15^ (Q.4.3) 

(i ruilB froia 1 to A clock at re at tinkn off 


Nov 


dfc| 

? 0 


(0.4,4) 
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a§_ 


The qu^tUy zerh beaAUflp tbe Uarentz fraa« ii IpcftJXjr dt rmt 

with rdspect to th« ftrbltrBry fmae. Then 


"IS. 




Cbc. 

j 


and the of a BeafiUfing red at raai is eiv>Qn hy 






Notf 


bud so 


Ll V 


H V 


•(Jv 'aP-iw ^ 

-Vr) 

0 


beuiuEB 3?j/&s^ Irani*h6 b, Ena 


*j% - a*^ aij aie^ 


(e.4.e) 


Clearly (il5,)^ ■ g., a*, a*. H a5 V5*j vnnlBhes. Thia la not neceBanrlly 
1 JK J , ® J 

the CaS#i wm thonufa 35./^« Toaiahefl, We nloo havE 

*nk “ a*^ an^ ~ 

aod so ofatoij] for the cape wiiere vnDinbefi 




‘‘ok 


g 


Tlflia tihe proper length of bji inJiDlteiiwlly iiiort aea^uriog rod [3l ie given 


wn d clearly an interval oi proper tine ee recardad hy a clonk of ppoeifled 
vftRufactura at rest Lu ib# arbitrary froDe la givon by 


<1t* I** 

ho o 

Tbeea rclstioiLs ihoiild be general^ becayee we originally dofified the in 

ten^ of partial differential noefflcietita Llniking a local Loreata frame in 
free fall *lth the specified frame; we did cot ^cify the reUtlT# velocity 
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1^2 


of the rriiD^tf. ¥fr i^iaii j£gt the uBsaid nogver in B different way„ [4]» If 
i±*^ = 0 thirii clearly I5eaimir«n«nt of iUmLafice we enpley 

ft lifbt pulae traaBmittefl, reflected froffl ft Ilirror And reOfliVftii at the nri^iu^ 
ftnd t^DC it with b. real et-aodard clacki l^he lengtli bctweeil ‘^urca and nirror 
ift £Ajr^ Identical ia tlift length of an ideMtieal neftaurc In thv ccctiivldg iner¬ 
tial fraae* The proper length ia Ihua n where At ia the tlaie elapsed 

DP either atandard clock heiween traiiniaaiQp cl a light palae and raceptian 
of the echq, la the arbitrary coordinates the pro|]agallDP qf light foliova 
the relaiioa 


jr dac dx 

•uv ^ V 


or 


(hf = 

o 


- “oi *“l *«J **j «ij ®*1 


0^ 


On the outward Jcuriiey dit. is poaitlvEf on the ratnrii Joiimey negiitiv# (or 
rice veraa), The total coqrdiaatE tide olapsed over thii vary nhort diatntice 
la thiia 




^oa 


*“1 


^ii “*j 


The correapoadii^ eloAom of proper tinH recorded by the cLook lit th# iioyrce 

V - *00 *ij 

*0O 

and Ai- = 2^ (with c=l) and ho 

= d*. dx^ {Ijj - } Ce.4.ii) 

onoe more. It ahculd imw b# clear that the laeaAiired local velocity of light 
id always the Baste qimber c (vhotber defined a# i llght-iec m~^ ar qa 
3 K 10^® OB a eveo If the coordinatt velocity Is tiqt^ ftciivverf U ve time 
light ever q di8t4ince such that the opprallmBtlon of constaflt ia dot 

valid, the neoatired average velocity of light will not be o , 


We will now ejcamina some dingle caacft in whliih the arbitrary frame 
related through straight lino notion to a apociflod inertial frame 
let 


X-vt 
V I- V^ 


Y = y K = a 

v'l-v^ 


V *■ 

^ Firat 


(B*4.t3) 


Fron tbeie transforinationa we coBinnte a opd find of Course jr m fi 

“PV 

Ihe caordinate time is the proper tSme and Lha space sorkcr? are luilfonaly 
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s«p 0 rAt«a in H nell (lefinetl pro^r lengtii* The Velocity of Lig^t i« c{si) 
In flll aireotians and over 6 J 13 ^ rftnge* hotli in terms of th^ coorili.iuit&s MiS b 3 
actually meanjrcil: the trandfonnatlan ii the iareniB transfoniuitlon charac¬ 
ter] sod Ijy 



= T * 


Sou snpppne 


X = if-vt T^t Y m y Z = B 


f&-4a3) 


Aj[Hin 



B V 


hut this ie the Gralilann traniforution wbleh in nhuadaued in o^cial rclatl^ 
vity* In genersl relativity it Li perfectly nffasiBsihle. Wo at once find 


(too ’ *11 - «2a = %3 = ^ * *01 = *10 


(0.4.14) 


Qtjtl all other couponents Kero. The dorivatlyes ef the s^trlc tensor vanisht 
BU tbtra are no inertial pr gravitational forceAi valuea e-f the oainpc— 

Dfjtita dp iiol depend on tbs eoerdinatoa and eo the yeloqity pf light la eqnal 
tp c in any direction, nEafitired over any range with b real clock and a real 
KBBuring rod. Tho velocity pf light waBured In terms of the coardlnatee 
does not depend en j>OAitlcu^ hut it ia not ot^ual to c and depends an the 
diraotipiL, 



dT^ = 0 


00, 


^/® 01*01 "*^ 00^1 


1 

± 1 — V 


± 1 + y 





~ (J 


d7 

dir 

p 


(It^bO 




<0*4.10) 


The relationship hetnenu proper titts and coordinate tioe at any point la 

di =? dt {e.4.J7) 

and 






ij -j 

vl - V- 


aty - iy , 






tt to quite clear vhat la happening. Xn both thie case and the previona ceae 
we are transfomiug between two inertial framea. In the fir it Case ye used 
the Lorenie tranefarHUltlon which linIcB rpordinatea laeaaured in ptaodard proper 
units to coordidaiea In the second frose meoaured in atandard proper pnits^ 

In the Beoond coae Lhe two refereiure frames are the sam PA in the flret caae^ 
hut in the seeoad fraiiO tho coordinate ulockE are all rtinnlng at n foster rate 
tlian standard clooka bo as to allow Tet deepite iima dilation and the % 
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coardtcatec are ctiasen «xpaa<ifid Bia a#: tq bHqv A a x—vt iijeqpit-a tbl^ Lfi-rqjitz 
cqntrBirtioQ^ A reCiqfinitian at coordiiuteH in t|iiq' frEnso tak4-0 uift bBck tA tht 
firflt case [&1. Ihia v^ai^iLci la helpfijl in uad^Fatandln^ saot of tbe fiiatorqa 
vnc^^unittred uith act^elAVAt&d BAtioii. 

B-6 An amaglfr qf nti fl«ld 

Codqi<l«r a vpiice ye^IcL^ ita Adflnfa blaatiiig aq ba tq |irpdQeA q 

nonfttBirt acccl^ratiod g bh wAa■w^Ten by qccElerqDiBt-Br on faaar<4. The- 
Bqcqlqrwwttqr is tbtreforq aqaBlerating at K wftfa reapent t^k tli* qisanqTiqg 
ipvrtlal frnn«. We track tbe rehlole fron a sireq inertial fr^oe by q»iPg 
the faur-v^Lccity and fcui^eoelaration. In the lacaL instantnnecnffLy codoit- 
Injt inartial trme cairryiit^ conrilimiteB the pro[)«r tlac ooincldaa: with 

pmpfiF tlMA ad tbe vehicle t and bd 




(P.5.1) 


and ia the pnly non-^erd cauponent af tb* fdur^acoeleratian. LarentE tren#)-^ 
iaruaiion of the four-^coeleration givea in a apecLfied Inertial fme 


where V iw the velocity qf the cppioviag inertI bI fraae in the fixed fraDe^ 
The faur~velocity in the iiraBovit]|[ frame has aue cfyiii|H den I 


Ot 


^ 1 


Tben 


dX 

(It 


Vl-v^ 


(0*5.3) 


-1/ 

dA dT y ^ 





vhenctt 


where 


If 

■ ' 


dx 
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ISIS 


(1?)'- 



(f r - 

(S/ ■ - ‘ 

<W,S3) 

d^x dx 

^ - 0 


err* 

at* at “ 


d*X ST 

d*T dX 

“ h * 

(a.8.7) 

dT* * d-T 

d-r^ ®T 



Thin ii th€ 0 qtuilaD e^ BKuti^n of the Tobfole in tiie K frnpe* is also tJip 
equation of mption oi n parti'cle acted on lajr a constant force^ for aatnmp^lo an 
electron in a coostani cleatrlo fitldip 

It %111 b* wro Qomrojiiont to tioto that aincfl th* noftiritude of the foor^ 
acoaloration in on lifrarian-t 


¥itb 




Differontlate onoe* Hihatitoto ond bdIyo. Tbo point ion* are oi^onei^Ulo 
which con ho coBhined to fonn the hyperhclic fnnctioiLE, Since T - t so 
O Btid 5£ — aoIotioQO sre 

Jt > (coeliKT-l) , T =f B"^rtnligT , t =; twOigT , (fl-O-S) 

(r«>ulta lAieli 'wer« ■IreddLy- implieii by the fc™ of (0.&<1t}). 1-ho quantity t 
la proper tiaw nn riftiotered qq o dIcoIe ot the aofio place ob the acoeleronctcr 
reading g * Wa now equip the ootruRaut in the rohlcle with b fraiHwurh of 
rods end eloclts readim; b coordmote time ^ = T|0}t which in the proper time 
in the fmioe instiicitonoouply ciWKiviiig with the chsBTirer. In this donoving 
friuBB wo have ecordinotoa 5^^ , {and 5^ t Sg) freezing the pici^ imtaiw 
taneousl)^ 

X 

s/1 - ' 

■S- ^ I 

T 


V ^1 
■ liT^ [ 

iLllil 

s/TTP J 


4. 

The aatmnant hoo coordinate* KfO), T(0)f 6j^(0) " ® t 5^ vnlneo of 

X, t correaponeUng to arbitrary nlue* of 5]^ are obtaloeiJ frM B^a. [fi.h.8) 
and (fiXft); 

X - X(0) - ooeh* -rtO) - coahg 5^ 

T - T(0) = 5^ Bihhg t( 0) = siiibB 

St the eaute ioetejit of ccordlnnte tim^, ihence 
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X = ■*■ 5^} floshg 

T = fa*'*' iK Sj) iiinhg5 . 

All w* luiv-a is to bso spool .a 1 relativity to live our aatT^oiiBut a rsf&r- 

eno* froBO coincidicu Mtith tfcwt of tho comoTlng ipeftlsl fropo vitii Lotetitx 
CoordinatesL tt to for tbie roaaon tliot ve k^ep the lofaelo {If tbo 

occfllorstioa is not cioiiotant estaliXisbIofl i4ie equivalaiit frane is Mich nwre 
cmqiliEateE], ) We Imve from Eq. 


<1T^ - int‘ . (1 + a g* - 115 ^ . (0.8.11) 

15io only term tn tllff^rent fruai tti# osrrosjiotMlliig tenu in ti i* 

=“ Ulus prcip*r tlm elapsed Elepetifll^ 

cn position in. this vary 

nstpral coardimitc fraskOp and the occelorstion be neasured at any given 5^ 
departs from the value a by a facitor (1 + g 5^) * 


Let tio work out scceleraiiani an a functian of position, Iij do this m* find 
the equations of motion of a frooly fsliina partlolo^ using (0.2,11) and 
(0»2.i4)« The Dtily noD-zoro itertvatlve of the Bwtrie Letiaor a la 

jis ..El, |jtv 

ijjg 

{i*bSi) . (B.B-is) 

If wo olimicate -me propar time on the fulling p&rtit^U from fej. (fi.2«ll} we 
abtalA 


<**5* . <15 <151 0 % ii?i US- 

”^vVL ii5 >41 df a; dT" 


< 


Tha only non^zoro cofigHiiientE of the affine eonnedtloD sre 




^10 “ ^01 “ i ^ C = s(U g e^) 


-1 


HO that 

^0 o 

io the equation of rantlon of a freely failli^ particle. Koto partiaularly 
that in this Inertial flold t,b* aeoe|eration ts irLdopendent of tb* trannverse 
velocity* 


Tht seesleration rocoriled by an accoleroueisr at will correspond %o 

(d5^/d|^) 0 Out the CQordiaate time Lntarval Is not the local frame 

proper time intervsl dr except at 6^^ fs: Q p At fixed ^e have 
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K -i'i fiJtiid iha AcctflermtioG rtaoardael ic 


£!i 

05! 


to 


Ci + itfj]i' 


‘*^^1 

-- =-|f{l*B ? ) 

d?® * 

o 






for 



0. 


Ttie ppQce cpardiiuteB arfr imifonn end idgtropic vlth real OKaew^ 

lug rqltffs ttiE rdnann wb/ tbtf aacel«i*i]tion differs Irom g far ^ Q is 
that saea frtw p Luartlm]. frosE thia coardiimte syjitua on the ipicecraft 

ii ptirinking lo^gitndioplly qb Lb.« eppo^orBft BOColLtrotOB ~ a pragroiaivs 
LaraatK eont-raotiovi^ If tbe Aciielora'tlan vbb g far all ^ aa it cotiLd 
be for 5^^ markers attacbed to aeparate rocketa firing in nii Idantieal pai— 
tern, then a given length A wnld iarreaae Nitfa time aa ■eaaared with ataa- 
dnrd laeoitirliig reda. 


Bur anaH * H 

iU % 

t - - (ig 5J 5, 

Tbl* ll afbriaia^ly tbe equiirmleiit cf aettldj 


{g.9.»} 


X. 


(«.6.17) 


T= 

in the Lorentx tranefometion (neglecting V^) rather than using the Galilean 
trenefomAtlnfl 


Xu 5 ^ + V 


(n.sas) 


It is fo-r this nspon tiuit vanirfieBj iS vs asstamail (for tajilL g 5^) k 

tranefemation 


X . 5, * is 5* 


then ve wnid huve 

*11 = 1 T l!o(j =-1(1-1^^) . <qi -« • 

The proper accelefution, ap peaeured by the h oeeieratlpn in the C frame of a 
teat pa^rtiale released from reBt, ia the aaPe in bath -t^^Bsee^ 


The coordlufite const ruoted from speolaL relativity baa the advaittage 

that the inertial force appear a as Lhe gradient at n tlw Independebt potential 
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thus nAturblLy bavLdj^ tiiia f^Bturv in tomiian witb e fare* ^le tp a pemnnetit 
taiional 

IrPt Us cDDfine {mrael^cE ba a r-t>gi^Ti auffici^nity plpaa tp an 
reading g tbat we mmy neE 

The CDordimte volaclty of llgtht Is thtu givci] hy 

HI. 

(ay* - (l + 3g5^) - 0 , ^-l + g5^ 

O 

wlLer« € la jaiaaitred trca& tha a«calomiii«ierp Becauae = (1 4 g 

at B givan the tvimil trip iiiie nvar a wary atiari path olearly glvaa a 

Dtaaaurtfd lacal Velot^ily i?sl a¥eryvbereHi 


Wo can ^alaylata tha bonding nf a ray af light in the ^ coordinatea u&ing 
the caardLuate Trlaaitj^ If cpnaid^^-r a plane uavo initially prcpagatlng 
at ng^t aiiglea ta the nOealera11 aCi^ aay along ^ ^ than the arguiociitB af 


snot ion 5.1 yield 


and the angle 


after travaraing i ^ 


^ 1 ^ 

gfit, 


{Q.S.1&) 


This i# in agraemant with tba raatilt gf aoctlon 1,2, Jdate that thla la the 
angular dcfl#ctioa that votild aeibnalty ha iqaaaured loeally hecanaa the apaeza 
coordinateB are unifpmly spaced as naaaurad bj etandareJ nwaiurtng rnda. 


ProjB we may al«o compute the redfiblft^ The quantity 6^ ia a uulTar- 

a&l toordidate tiMe, Couaid^r two atandard ciccita fit rest with respect tn 
tbe c^ordinataa ^ ^ one ni ^ 0 and the gth«r ai a partianlar value df * 
Corraarpondi^g interTala.of proper tiaie are given by 

dT(5i) = (14*5^) «5^ 

dT( 0 ) = d? . 

o 


het the proper frnqunnoy of an oton he v * Let br the time faatifeBti 

two ffuroaesive pulse# of #ucb nn atoi& #t rest at ^=0, BecBuae in theae 

coomioates g 1# Indopondent of ^ ond tho Biom ia at reet^ tboae ivo 
|JfV o 

pQlsoi of radiation are ^acod by #t In thli aoiae interval 

of eoordLiiata timo the proper tine interval st 5^ i# i^T(5^) = i^{0) 
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in vblcli tine (1 + f pnl^ei ue emitted hf &a Hleoticul ataxia bi rest at . 
Th e n j 

vhith Bgain BEre«H vlth af aectioo i.2« Note that g can be 

wHffur^ij BE tho Ecc«ler&tii^ii at 5^ 0 and li a digtaa^e thot ean he 

diretrtl^r KEBEuretl with a robl SHamiriog stick. 


Tht^ EectioQ hflb beea cDUcerned with the idortial fitld in an aocel- 

ernted Ibhordtox^'i in a pemioiiedt graYitatiodBl field, bdditlalial foatui-es 


are preoenl be^s-ape the ipatlal pari c-f the me trie lEdEor is Do longer 5 


ij 


9 4 h The extemal ffpherical 1 r a^^motrie jErflyitattoual field 

The Ejnateld field eqimtiodB relBte the laetric tanaar g 


to the 


|iV 

eDergy^^noRentaBi teneor and determibo the qiibDtitiea itp to a coordi^ 

natft tranaforMtion* The qiiaiit|-iy oa the left-habd lide of Eq^ (9«3^|) 
coDtaiDO aeeobd deriTatlvep of g^ oarreapoiicliiig to [ [ h^ , and hUintear 

products of first dorl'^BtiTep^ eorreBpqadiiig to the euergy-i&ijBarjtun tensor of 
the gravitational field itielf* is thua the energy-BaaentuB tanior of 

Bverythibg except gravity: polattoa of the Eioateiii field oquotlona in a 

^ P oorrosponda to the solntipn of tha NawtouiBn equation 


rag i Ob where 


in anpty apaco , 

n 0 . 

The latter equation la trivial to lolve for the caae of aphorlcal aynotry 

a >± - 
•r (. 

and we idontify the oonstaiit K with -liN where M £a ihe (itphcrically 
ayMeirie) Baas at the origin. 


The corresponding solution of the Einstais field equationa ia ohteined a a fol- 
LoWfl Firrit^ aet IT SopoudLy^ chooae a coordinate syatw. If 

tha coordinate systen Is taken to he la the roat fraztie of the aoarce^ It 
natural to choose coordliiptea ouch th*t g due a not depend on tlme^ Wo 

^ V 

Would alaa like tiBO-orthogonal coordinates: that iB^ vauiehee. For a 

epherically synaetric field it is attractive to leave the tangential parts of 
a snail intBrval aione^ and write 

iT^ = B(r) lit® - A(i-) Itr® - r®(de* + sin^ft * 5 ^) (S.a.l) 

ib spherical polar coordlnnies, or 

a„ = Mr) , ggg = r® , - r®iin®5 , - B(r) , 

The effect of the gravitatioiial field is embodied in and » 
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Ulia choice df C4Kirllinctea oatl^fi^a ilte #<t^>^TLatta ^ith 


tw 


^ 0 


prdvlddd th&t 


-[■•s 1 

‘F-*“]-', 


(0-6-2) 


Slncfr the uravitatiDDBl field i# given In tlii^ Nflwt.Dnihfi Halt hjf i 

Constant E is identif ied with “ 2>ti f idaore H la the ufisa contained ifitiain 
r as ir ht* This 1* the ^hMar-Eschild exterior Bolutioa in standard cocrdi 
tiatda 

d-i^ B ^ - r^d0^_ r^ain^Oaq^ * (0.6.3) 

” r 

Tijae i« affected^ radidi lengths are affoctedi hut -tangential lengtha are nat. 
In Omptsr <3 we leunEl that all ehari lanftha were eqaally affeeted hy a gra^i- 
tatianal field. It is theref-nra not aurpriBiUf to find that wr can redafitie 
the radial roordinnte r aa aa ashiava thia aa a property of the 
Schwarzschilcl iolutlon- Sot 


when 


T 


f- 


MB''* 

2pJ 



(B.fl.-i) 


w that 


A_}cy ^ 

~^ (tifr + p*d0‘ + iig^jl 


This eiprdBseE the Schwai-scsthild aoluti&a in lac tropic coordinataa. If the 

Schwarzicbild bteirifr is iLse-d in. the standa-rd ferm^ th* aqnatloiES of BOtidn 

resultiiig nre oloaely onalogona to the Newtoniaii eqwatlona of Ktion. If 

isotropic eDordlnates arc iia«d BdasurciiHiniH over sioail dist-ancso with real 

rods are relata^ to the ccordijiate intorrala merely by an iaotropic chaiLgc of 

scalo- fXirtbdrsnrd In. the weak field liinit we obtain preciaaly the tenser 

theory of gravity dereloped in the-fir^ part of this hook from the eqiistions 

n h B S ttG^ 
l-iv UV 
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Both of t?oordindte« ere videly med wjd neither is in any sense the 

■ore fundameatBl^ There in a third mjMtam of eoor dine tee also frw^ueDtly 
enoeufitei>«4^ the bo- celled hanienic ayBt«ii of ceordinataa t?] in ubicti 




MG 

i 1 +"5" /*i»i 




(fl.fl.e) 


To firat order la the iinuilly loiiall qaentity or GfiV'p, g-j and 

in the ieoiropit caordlnate syeteia end the hersonic coordiaite oyaten agree^ 

The forae of aloo agree to second order. Consequently the two flysteara 

are equivalent for the Bolar syate* iii«ayr«Benti i?e have considered and we 
ehall diflcuflB the horfiiODic systeei no fOrthar. Bowerer, the stondard and ls<^ 
tropic fomi of the ifiatrlc differ in firet order in and aod jp 

^necoad order in k ^ The physical rontant La oDnetheleae the Bone, We 
oo 

eholl irork ont the predietloas for the BBDBuroble quintitisB already dtgo^joed^ 
niBiieiy tho gravitational red^ifti defleetion of light hy the StuJ^ radar echo 
clelay and the preresalon of the perlbelipn of Mercary, upipg both coardinate 


Th* arav^iiotianal rad^itt 

Consider fir at tfat gravitational redahift. An Interval of proper tiwe 
le related to an Interval of coordinate time thraugb 


d T ^ g 




far a clacb at rest in the coordinate ayeteia. At two different lovoia in the 
Bravitatlonal potentiala different intervale of proper tide corraepond to the 
Bams interval of coordinati tioc. Lot two pulseB of light ho enitted fron a 
source at a radial cooriilnate r^if an interval of coordinate tiao apart. 
The eleBonts of the nietric toneor ars IndepODdent of coordinate iliia bo that 
the coordinate tiBC Beparation at a radial -cpDrElinate r^ ie still ^ . 

tT{rA I - 


Air(r,) 




(S'.?,2) 
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mVITAriQN AND KELATIVITT 


To firpt ortler ip 
cioord1pAt«a: 


Cf^r , bap tha iubw forti for eiUter iaotropio of 

u»iD^ ataadard ford 





(g.T. 3 } 


T|i« froquepcy of ai^^nAlo v ro^i^iv^d at r ^ B^spored vltii a real niiiiLiiard 

2 2 ; 

BlDckf iB rolAted to tho freqiuacy of une Blpula emlttail at r , ojob- 

■L 

aurod vitfa a reaj Btaadord clociE* hy 



The frequeociea aad aro MeBatLriiblB {juaiititiep.. Itie rigbt^liaiiO aido 
of Lhia c^uatiop hawovar cantaiaa the coordiiiateB and and a^mtJ fl . 
la order to predict the redohift ve oeed to reduce the right-hand aide to naa- 
auirod ^UDatitiea. Over Bnull diBinPCes 


V - 'J 
2 1 


GM 


ir 


Ar E 


Ihe quantity Ar ie d eoerdimite diH-tance^ 
r 


The radiot distopoe AL betvaen 


had r-^ iiOBEured vith a real ieeaaiiring. rod ip relotad to Ar hy 


AL = ‘Jg Ar 

rr 


Ar 


( 9 ,T.B) 


if we only want Uie osqirenaioa for the redahift to first order« V/a Bay thore^ 
fora raplaca tba coordinate intorral Ar by AL » sieaBiLrecl vitb a real naaSur-- 
ing sticks Finally^ ike noceleratioa of a freely fallii3« partial# ia glveo by 
£q. 11} npd for negligible Velocity we have 


(9.T*e) 


afr SS 
at^ " " 

ucnfuri^d acceltratlcn g la equal to If va Ignore oorrectioaa of 

order O^Vr and higher pavere, eo the redihift rocipo to firH-t order in 
the gravltaiioQal potential■ 

g Ah (n. 7 . 7 ) 


V 


an expreaaiocL which oantalna oalj SH^asured (|uantitiea. Ihis frequency ^lift 


clearly diABppears If the laboratory oontoining the oource amH the detector is 
in free fall inatead of fixed Jp the coordinatoft. 
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Reflectiofi cf litfj'lt M' 3uji 

V« will ealtul^t* the den««tiDn o* llsht by settirig OT* t* 0 for o 

pnli* or auvlng at tJi* v#lflfiity pf li^bt- Itoe coonStimte vttlooity 

of lighX li tlieii givuti liy ^ ^ 

it/ dx 0 i 

Tho lot*! volfrCJ-ty of lights bb moaiaCLred by timtn# over nn infinltojiioal (tea- 
tflUOPp uaiiig Btiiii^r(3 clotkff biji:^ is olvaja t » 

Conjidor * piano wore propug^atiiig at rigiit bp#1ob to tbe gravltatioiiat field 
io p dall laboratory* Label tb# radial ooordUiate by y and the iangetitlal 

cpordioAti by % » Tbeia tb& niisle turned tbrou^ in distance i« given by 

Ox a dy 

>di#rt u ia tbe tanfeiitipl ooordidets velocity of lights 


In iaotiaplo eoordiGiitas the coordioote velocity of ligbt in any dlrcatjon ie 

v-3 . .. 

(B.d.4} 


(-f)(-i) -'-f 


fly SG« 

= 




Becauee tJiD coordinatea are iaotropit, Hile angle preBervos ita value in real 
unites But two Antaauro it vtth a. telescope clmnped to tJie for vail of the 
laboratory of cSiaienaioii dx « Now 

iL^= Jix . (0*S,5j 

So the walls of the Uboraiory ire set at a small angle to the coerdiDnte 
frane, Juot enough for tba telescope to neaeure oil angl« 

(cospere geotiod 




wbem iL is the Beeaured diBiance ficroefl the laboratory, nnd tbe qiiBatity 
{CJ^^r^l = e Ls tbs meaHured accsloratlon of a slowly ntoving port!ale. (Ws 

/ . I QlV 

result is again only to firot order In W/r*) Tbe variatiqD of If* 

rclatiiag the maaiirenent eyeten to tbe coordinate■ can only be ignored if the 
first deriVDtivc of W/r co^ be iguored — in wtilch ciee io this upprpxlJibtioH 
there is no defleciioiii 


In Hlandord coordinatea the picture is o little different, 
velocity Is= 




SI 

1 * 


The tangential 

(e.a.e) 


a«-F 
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GHAVTTATION AND WEUTtVm 


ay (JM ^ 


A tangantiAl ItoAth £lL = because 


and g 


^In tB . 




A lei^tll is related to hy 






dx 


Vl_^ 


'■W 


(fi.a,!) 

hsye Hieir flat epac« 


If ve only vBPt an anriirdr to firAt Tti^ ild« lUiIlA pf IfaA laborotpry 

are parallel to the y caordiaate io thifi ceaa and tbe' teiAacope Hasurea an 
on^le g oncB 


ThnH if -HSr Hileiilatfr tba fesnlt of a measuraineiit of tht dtOectian of lifht in 
B saail laborAtrOi^ at- rOAt irith ^sHport to ttiA aonree of idabs H ^ we an 

Bosver jndepondeat pf Bot of rpordliiBteB w usod, and tlie nnsver patlji— 

flea Ui« princlpla of equlralAnce^ 


Hlg coordioaio dofloctlon of ll£ht staz^ipg its Jonmey vary far from the 
doflectin^ naea and hoin^ rooaivGd VBry far from the doflootii^ maBa ton be 
iraiculatad hy iDt««rBtiJ3e the deflection over AD (ap|krDxJiitately) straight pathk 
as in auction J-4- la leotrapic ooordlnotea the ralooity la, to firat ardort 
1-2“* It cloar from ctu^orison vttfa lootion S.l thnt the deflection In 
iootropic coordiDatoa io then given by CE. ^ tihor* h ia the ippact para- 

peter t appmxlaiBtBly pcjubI to the di itaoce of cIoaoHt apprpaebH 

la BtBndard ^oordinatea the coordinate velocity of light ia direotiod dependent 
and the treotpodt ia a little Pore coi^Iicated. We cbo eithez-.i=Bolvo the equo- 
tlonf of motion (9p2«ih) or ai^ly aoe the variation of the coordinate veloOlty 
of light. In the latter approach ve tmkt- the tondltion for light 

dt* = h t +atn^9 dep^ J ta.0*e) 

and sot ^ 

dg i ^ i^\ 

d* ™ 11 dy By \dt/ 

an bofore^ ttere x la the distanco aloag tiio path, i^ith ^ ^ 1, We ohoooe 
@■ 00*^ so dB=0t and have 
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vbU]i VE wite 1# 


■= ^5/ 


1 - 



(■««'Fig«0.Sp|) ^ith 


^.J^2 -Mr X 


rsrViT y 
Me paw biAVi? 


*,'7 . C.«J.i , 




Fif.B,8,l CwrdlBint** QBploye^i In 
CAlcclqting tbfr <S«flectiofi of light 
by the Sup* £q. 


(a.Spio) 

(to flrit er^ti*) and the Teloeily of 
light along It* nearly atraight trajectory 1* 


dt ^ - r ' 


(e.e^iL) 


When rmD this le tho tongentiBl Tfliocltyf ^ ^ when it ia th« 

2)GH 

radtiil Tclaoity 1*——* 


Then 




4m 

b 






i»r«* The ohaiigE in angle with h relntlTe to a fixedi direction (for 
exong^le fl odtarce not aigiiilicantly ft^fectcil) i* thua given In either otandiiril 
or tiotroplc fioordlnetefl by i to first order in The ongplor change 

ift: i^ientteol to that actually Btnanrcd In Inotropic cooriliiuitca: \n atooilaFcl 
odordiontea the difference in the coordinate angle and the Manured apgle in 
Q (™) where H im the rndiun of the Earth'* orbit: sadh carreotioDe^ of the 
arrier of one part In 10** can he ignored tp thii prdhIeaa-P 


O.fl Badar echo delay 

The erceaa timb doloy eoDountered ip radar echo e^erisentB la Borc 
inatructive, Th-e tiso for a roaftd trip between the Earth and Mercury ii 


j (s)" 


mt 


(9.9.1) 


In inotropic eoordlnatoii we net 


ite 

ht 


1 - 


Em 


no in eadtian 5*3 and ahtnin 4r r 1 

tj = 2(x^ + a } + ”5^1 (9#0-S) 

I CD ^ -A 

where h 1* defined ifJ FIg*6.2,l and U ppproxiaately the in^ot paroDeter* 
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CKAVTTATION SELATTVITV 


In ti04raij3jiteB« ubIi^ Eq« (9^7.11) vt bAvt 




4 r r 

tg « *“[~^] - ■»®’0 * 

Xu tlieee «xpro«eiaaB hmVB aet ^ x^ n^ual ta anO- in tht 
rithulcjtMTiB. V« cin «^reBB and in Ih# or^r term tbrou^ 

^ but It iji tetter tn e:i[pir#ftj It lia tenu af Ibe of cid— 

vest approMcb to ths Sun, r^ ^ ficEnuse tho Aiigle turned tbrou^ in going fma 
aE=0 to 3i>r^ it approxinati-lr , wo Imve 

'. = (f 

where p It noD^xero bocoute # Tbtn 

** - - Jt^ -ir^ + (b- 


ood 

and 


*• **■ 


■''r^-+4 01 
e 0 ■ 0 

d 

"b = nAT? 


C«, 


(0.0.4) 
(9.0. B) 


These twQ so avers srs dif feraat, But are at uaee recaneiled Bf reueBlierinit tBn^ 
iaotropic coordiMtei are conatruDted front atdtD<lBrd oeordliutee by the trane- 
formatioo ^ 

•*6 = ^ - Jfj + CM (9.0.0) 

looviug ever^-Lkizig cite alone. ^ 


Th« qtajintitieB t., t direotly ivaturabLes rotbor they 

are doirr«xiient parnMtorB related to directly ttoasureble quantitloo^ The tine 

m- 

intorenl botwoen ifae trimaDiavion anu recoptinn of o rndar inilao ie meBattred 
with an aarth-bnoed atoDic cloak whidh la nicniiig at a dlfforezit rate frciii 
QoDrdina te time^ Thoro are two liigredieata in thi^ tranefdmatiqiie Secwoae 
the clock it Id the Sun's potentiBl (and indaod in the potential of tho Eartb) 
Wfl- pick tip a factor 1- and becauto of the o rbital •Vel ocity of the 

Earth rolailn to the ooordlnatet vc pick up a factor i wharo 


m 




The ncaimred proper tlmd internal t ia tliua relatdd tn tbd coordinate time 

II |j ..^ 
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inteiTrttl I17 

[to first ertJer In - 



( 0 . 0 . 7 ) 


Tilt total tiwel time im ^1-3 X IP^ i^os for ttis Eajtli-MBr<;«i'y--llBrt±i trip 

nad tti» corroctiaa fuetpr In "'l.B x 10”* , intre^oiAic n dlfforeoca between 

t and t ^ 30 us * Khitli ±m not negligible since tbe^ tetul «c«aa eielsy ttee to 
p 0 ' 

gravltatlen im ** jjo ^ 

The pwaaeiers bjhJ ar* not directly inoflffircO either? they iiiiiat be 

related to aaiKthing ’which oari be Beaeursd, For ■esoQn^4*nt of the 

tiiie delaT when Mercury is at tnfer’ior oonj-kmetion (between ’the Earth and the 
Snn) end at extreuii elongation providea two tinei In tena of which and 

r can be evaliiated, using of course the leqnatiDn of dm lion of ll^t in the 

31 

Schwarsscbild field, Mirc gonerAlIyr observattona oi ibe time delay can be 
DWide orer a period of one or lAoro years and tb« Hqwoiionir of moilan of light 
teated against these reaiilta^ with r^ and ah purttaeters to be fitted 

along with suiiy others. Altematlvely we mmy use the dlractly seasnrable 
orhital pariddfl and tb# eqnations of notion of the planets {expressed in 
Schwarzachlld coordinates} to detontiitie r^ and » In isotropic coordi¬ 
nates the ec|uatloni of sMtioii are tfaoae We used for tho precession 

of the periheiloa of Mercury in Chapter 7 ao that tb* period iff rowolution 

fj 

where a = 2, The subeiitutioE E=fi^-CM tak^a us to standard caordinates 
when 

wh’ich 1 b the Newtonian expression^ Vo thus sen (ladlreotiy) that the oeordo¬ 
nate tlue period is related to the ooordinate radius of th# orbit by the 
expreasioti obtaining in Ifewtonieit gravitation| If we use etaiidtird coordinates 
rather than ijpo-tropie. Again it mnat bo romeifiborod that Tg is oDordinaio 
ttBo and the period ewHeured with an earth-baBea oioiiic clock Bust be corrooted 
to givo Tg the quantity GM^ rs^presants a diatanc* of 1.5kia and 0 time of 
travel at the vslooity of light of h pa . 

It should bo clear that the problon of testing the prediations of graTitatlcii 
for rader coho doLay Is perfectly well dsfiuod in teims of pen parable quanii- 
tles^ bnt of grBot technical (rather than conoeptuiiL) co^lexlty^ lntereating 
detailed dlsoussloni exiat t we only raeuirk that the proitiotlons of 
Einstein's theory are currently verified at about the 3% level ft] # 


(0.8.^) 



GHAVnATlON AS^ IffiLATIVlH^ 


0^-10 ptficfeBjplon of •piftoetarj 


grihelia 


Tfa« jirecgiislDii of planotary pgribalia im Dora conplivAtod ta oaLoiilaig^ 
AiH'CO vm tiegd gqiul'tian of sutidii to aeconei order in ibaIL qyaniitifto. Jkra- 

war, cpmparI«0O of 'tho o^iiBtioQO of tBQtion Olid tilto ScliWBrEAclLild uotric t-eDpor 
la lootroplo coordinator %fitli tho ^aak figld t^uor c^uatLoiu of Chaptera S and 
7 {vltii tho non^linoor poz'ii&iBtgr d a S) that wo Ikova oiroady BolTod the- 

jytj 

prolfl-Eor ip liotropic CoordlflateB ; the- ndvopo^' £* 6 TT "g“ rndiana per r^Dlotl-oD^ 
Ip etoQdard cooriiiTiDtor w* writd 


00 thiLt 


di^ ■ dt^- 6lii^0 ^ ^ d@^ 




IL ill eb; 

U V 








(9.10.1) 


(0.10.3) 


It BhcHila be fllear ttiiit Bines 1* a imtentisl wblcb couplet to the ajusre 

of volecity. VO oesii g only to first oriler in OM/r , but *.. to sebadA 
order p Jn contr^ot viUi i BO tropic oaordipatos liowEvorr tJiori^ £■ no Qonlijfoar 
torni ip in Btoudord coordlnataa. Vp obtoli] tUfl fretuotioap of 

(Dotloo in standard coordinatea add t|iep evaloato tlio pr«coBBidit rate by the 
opproiinate Bethodp qf Chapter 7* We work in polar coordioatoB, botii booanmo 
polar coordinatOB are epprapriata to the probleis and bocauBO ia dHo^onal 

in polar coordinatoii = the atimiiHrd fore in not diagonBl whon oiprasaed In 
rectangular coordiunteB^ 


In principle ue nuat cai^to the affine fields and thou aolva 


d^ac fi* di 

'S^ ^ 

but we cm enploy mme alurt eirtB. We ebssss 9 ~ to define ths ulme pf 

^ <V Ji ^ 

the orbit ontf oo ar* not Intereoi&d in the oquatiod fqr Further, if wo 

find the qnantitioB dt/dT aad ixs /dT wo con tbeti uag the oipreaalDii far 

proper tine to give ub the eqaaiion of Ktiou for r ^ We thoreforo only need 

to ralcnlote tho notrsTaniabiiuE Dtepnbere of and ^ 

^ Uv VW 

Now ^ ^ a® 



GRAVtmi{39d iS® TSE GBOHmUV OF SPtACEaTHE 
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Odd f*r din^opal g the aliments of tike isv^irje entriic are jiaat th# 

reelproCAla of the elEmento of *^ 0 - 


*11 other 

* \ rt * ^tri V.d’fJ Nd-j/ ~ “ ’ 

(BaO.B) 

tenu waiahiiig, with 



T-t Tit 1 & 1 GM 

^rt ^ Hr ^ ar “tt ™ . MM p 2 

r 

(fl.ip.e) 

and with 

fi oonmtAnt, d^dx iiro , we have 




{fl.lD.t) 

all other 

terftji vnnlehldgv with 



—^ -P<p _ 1 ^ ^ i 

“ cpr “ If “ T 

(fl. 10 , 8 ) 

Then 

dft ^ 



ftT® flr 

“i * ^ at “ ^ 

(S.1D,0} 


At Jf 


whence 

tn ^ + JLn ™ ooii*t.iit 

(fl. 10 . 10 ) 

aod 

dT > dt 

(fl.lO.U) 

where the valae of K i* deterBinett hy the velocity of the particle. 

Simi larly 


d^B 



2 dr - 

QCp * t dT 

( 0 . 10 . 12 ) 


d-T 


wheace 

tn — + 2 In r coiui-tndt 

UT 

(0.10.13) 

OF 

oontt-ont « 11 , 

{0,10,14) 


This equation clearly expre«Aei ooneervaiiou of angalar Boiaeiitutt. With 

*« . a,! 

We tan e^reaSi the radial equutinQ of aotion ae a fadetiott of cither t or T t 

f 2014 ^ 

(■-«•«> 



lao 


laU^'TTAnON AM) BEjWiVm 

u. 


For ill* znQBTciit we work with the Initer faruit which we write 

vS . 1.1 


where 


r 


(a.io.ifl) 

(0.10.17) 


Ojffi^rfijitibtft (O.lQ.le) vltb rv^i'et to tia« and abtatn 

.2 rj*.. !jRifh-3 




ke drop the Xsirt tem and write 

,¥-2 


£lr SM /. asH’, h*^ aSM 

I 

For a cifoular orhtt —r ^ 0 and so 


(tt^ 


R-= H 

Fron (h.lO.lT) and (f .lO. 20 ), 


gM . j f 

^ V “ E / 


(g.io.is) 


(g. 10 , 30 ) 


di Vr- 


and the rotAtionol period Id mtnndard coordiaatea is 


( 0 . 10 , 21 ) 


^i«h is tbe aame •itjir'aBsjDn abtaioina in Nfvtanlan tbaory (soa Eq. (O.O.O)). 
Mil now set r = p + B mid otitain 

Slid the rodial period givoo hj* 




(0.10.29) 


The advance of the perihelion eaoh rirvalniioD ia then 
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rHAPTHK lu 

BLACK HOLES 


10^1 Strang jrrftTii^ti&iial 

In tVifl a^elojBwtit of th^ relativistic of fravity, v* went 

ntilj' AE far as firvt nr^r id tbt gravi tHtianfll |3ct<9ntiai« W* tacklot) the 
of the preoeasion of plan^tory periliello< vhicli UivoLvod second order 
tenas, hv ai^iposinf ^rnritatien to ob&y the prlnciplo of Ptrorig ttpilvalenco| 
hut vitbout dflCKUitrotiTig that au ifiternoll^r coiifliatoiit theory reffnlte- 

The Eidatelti field oqnotinns, id principle, art esnct and thua provide M with 
the nwane to calculate the effect of ipucIi gTwitatloiial fields of any etrength.. 

iwflt TCcagdiao bovcver tint fill teatB ao far niadft have heed acdaitive id 
temis of no more ittttr oecond ord&r in CW/rc^i ttlB quantity heinfl no y[ir«atBr 
thou l(r®\ In till a chapter ve are donee rzied vlth atrann p-nri tationa l flcliia, 



W"c ore aLriiody hwfir# of aatroniHiiicol ohjecti ift the vicinity of wfaicli aueb 
atrong fielda Miat, althougU we Slave not oi yet heon ohla to otofly pbyaicnl 
prooepaes eo cIdeo in. Theae ohjocta. are polpara, ao coiled berauBe they 
tMSLi pulo-ea of radio wavea fond in aouc caeaa Tlslhlc light) with eift.rMe 
regylarityt the pialBO period^ lyii^ in the range to I aoe, [t3 * The 

extr^fne regnlnrtty otguoa for a dock of atollor maag, while th# abort puloe 
period reqoirea th* dimonFionE of the eioiLting regioi] to be leaa tium ohout 
^ iSODkm for T = Thoae objeota are believed to he neutron atara, 

rotating at ihi pul AC froquency end produciog the polHoa by the tdteractioti 
of a pBgneiic dipole field with th* atirroundlng plaou, t^]# Although the 
■ecbaniani of forBotlon of such oeutroni atnra ie aot ytt elucidated, it eeeiita 
clear ihoi they r vault fron the gravi tat tonal oollopse of a burnt oot atelloz' 
core* When the core of a a tar hos exhaueted its nuoleAr fuel, therniAl prea- 
oore coEmot aiqipdsrt It and If ita mosa exceedg ^-l^QM^the proamire exerted hy 
the Peimi aoo Of electrona caimoi aupport it ogalnat gravity eitlieri m that 
oollapae io idcvitahlet agueeKlng the elocitroEyi into protona to form an ianeniic 
inicliniH conaieting olBiOEt entirely of neutroiu. The pnloar NP 0632, in the 
heart of the CJmh nebula, itaalf iha remodf. of the puponmvo axploEloo of 
l054AD,ia Blowing down ond the rate of decrease of rotatiodal onergy, OflEualng 
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GRAramON AND BELATIVTTY 


thv pul Mir to bo idfiofrii a uottirod etAr , aivoFt miioliitio ihfr roto nt 

which energy la rAdiatodi from the □□hulai 

At tho irurfAce of on object of Boae un^ nuoloor donaity, 3 X 

the gTSvitotlannl potentlnl la 

-^-0.1 

rc^ 

the aurface rodiua boiag ^lOldd . 


Iq thle chapter we Ah&II only cxiuilbo the ]WpertiOB Qf atroug grariiatiaafil 
field! deacrLbed by Uie Schwantachild Bolutiao of tho field aqiiAtloaa* The-ae 
field! ore fl(ilieriQaliy ayuttetrio &i-kd na oorraiapoTid to a non-TO toting aoTErcOi. 
The flelda of rpiaiiiig aourpoa are of eour#e of much greater aetrophyeloal 
Liiter#at| fatit we «re coacerued here oitly vith explalalsig what is meant by a 
bole Aod why ii is black* 


lO,2 The oiPoihattatioo of light in atpofnL fletd! 

Catuider the #j|>reBBiai] far the proper ttm iirtervol la tha Sohwaraieliild 
fields uEi±i|[ atabdard coordiiUlteE : 

IIT* B (l-^) Ot^-T^rin^e (9,5.3K10.2.1) 


The radial Tolooity of light It giwwn in tern« of the coordlnatei by lettiiig 
■ 0 (obd d^ s d9 H d) 


dr , 2GM 

—j. m 1 » 

^ iJt* = 0 




the SoliwiirzBchlld field of coxiree fipplles to the eaqity apac« ouiaid* a apheric- 
ally Bynetrio eouxce^ If mch o eouree ie concentrated within a odordibote 
radius < 3GH/o^ , then thora erlite e rndinoi the ^AhwantMthild radlua, 




m 



at which the rodial coordtmte wflloelty of light la merq, Aa observer at 
infinite diatunce from the aouroe bn a a clock rutming at the coordioate tlsie 
rate: he ^aeea' light paaHlng the r iaai4:Bifa pi ever iRrrCasliig fotereala of 
btfl tiwi Btoppiog el together oa r ^ B , We Duert of oourae he CAFofyl about 

P 

the interpreiatiaQ of thia reaplt becanKP w* have pot caaniiied the algnifi-' 
cance of tha radial Goordioate* 


The proper length gf ap Infiniteeinal ■ensuring rod, oriented along the 
radiua vaniori dt rapt at redlua is 



BLACK BDl^ 


Biid 


Hr = 44 Ji- 


Afl r - B. tbt, T iwii4wji are aettin* iJifini-fc«ly clfliwly apseed, 

P 

W« ny -MlMt* the ttw fc»k«i fdr UaJit to pil ttot tnm ««iM r by intoardt- 

t = I 7 ^* (f*-3om) (io.z.a) 

w)d da ^ ■* ^ ^ *^1* 

If therafora w can uas the &s;bw,r7,B!i*iild aaluilao as r - B, tha aaDalMicn 
Im Ineecapabla: light canxuii get otit paat r = Eg - ami He neithai- eM anj^ 

ihlBg elae oapahla ef crarryiiii! ■ signal- 

Thia i-amlt aright Appeal* to be asaoctoted with tb* oingjalwity in . tfc 

see hoUBver that the mto At vblch o standaril elect At rest mao io 

1T= •** 

And ao frein any dlat*n(ra grantor than clocteB appear to ran Infinitely 

ilwly at r*Bg one li#t la iofinitaly rodidilftee. 

Let as BXBBiluo theaa effeota oaimg iaotrapie coordinate a. In whieh 
/ MG 

^ ) dt® - (i eg) ■ 

v^i/ (B.e..) (lOdSdd) 

Tha apotial piece of the netric tenner hna no aiaeulortty In iBotreplc eoordi- 
oatOBd Hoaovor, the coordiiait# roloolty of light goes to *e« aa r - Rj, 
lAore _ SI 


and the clocfce stop ot tha aame raeioa. In ijotropie coordinatoa 

Which haboTen entlroly senalhly except at r= 0 - The tiaw telieu far ll^t 
troveUing rodially is 


^2 fl+^J r 

’'a " 2r , , , V 


vhlcb becomift ipfinlte is * 



ffimTATJON Am RHiATIVITY 


ise 


Prom point af rlen of an obBorve^ iDcoiAd tnr fron the ef the grwi™ 

totloQiil finld, H|^t froa m mditiH r io pro^^BAlvdl^ rod^hifted and 

taken progreBBlvoly lang^6r to get ont ne r tenda to the oritiofil radine. For 
r Icaa than or etituil to ttje critical mdlua^ a light aignal c&uziDt get oert 
otHl a s«^^co of groTitatioo lying Tiholly vithim tbn critical mdina £a 
loped in an ovont horizon mling eojBSUQication vitli the ouiaiitfl wrorlti ji^Bii^ 
hle^ Vo moy oalcnlate bov far avny aueh an eyoni bdriioit i« fro^i an external 
obaorver. 


dt ^ 


dr 




in ntandard coantirkatca^ irtioro dt la the longtii of m real neaatLrlQji r^od 
atrotebed hotween toprdlData parkora iabeLLed r and r + dr. Then 


J 




ryr®-2TCM + SmtMii^r +^‘r- SSh)]^' 


^ uid » Ot 


(iD.S.e) 

i + GM (<« (^) - l) 

uliiiih i« finite for finlto . In isotropic coordnatea we find os 


1 "I 


the difference merely reflecting the rilatiazi 


= Fg 4 GW for r » CSW - 

We ar^ not of ooiiraa anggeBting tiiat a pltiaifa line he lovored into fielda 

to make ih* naanurwent , 


The exlatenoa of atich one i«y efveat harlxana ie not unique to goparal relatl^ 
’Tity, CcTisider & raeket with aooelemBotor reading g . In an inertial frnna 
Ita eqaatloD af iBotlon la 

, ^ V -fft (9.B.4) flO.B,?) 

and hence t ^ 

*= J .— ':. =f[VT7e^ - IJ . (I0,8.8j 

A light pulae enitted at tw Itom XmQ ia at at tiipe t* 

1 1 n 

t > - Itgh* o*n awror eeich up tha mchet and lo aisnalB fran epaee cour- 

trol cannot he recalTed by the aatranauia apoee control tiea behind an event 



BUCK HOLES 


IfiT 


horiEon. Tb* snlrtBAyts cfui Dflinethelirem s^igcAl back t* bAae nnd life goes «i 
Bff uiual Id b«th apaeir central an* ia tb* span* vijhicle^ Th& Ai^nlfl ptart 
ccHiidg ia flgein, of eDurae, if onginofl are Bwiidanil off. 

In tbe coae of an ownt horizon ourroiio^in# o aravitotlijg oAiti tbera in ho 
irttj- of HH-ltchint *** fiolfl protfncit^ tho horizoOp Tiowover, If tha 
SchvarcschiKt mtri^ onfl tlio iiquotloDfl &i motion oro oorratt evon for r Iona 
thaii nr nqnal to tho oritloal radiuiai Ufa goen on fto npuol in a ahoca vabiola 
crqaaing thlo nritleal raAinoi the IqobI ptiTaio* i* iilentical to that fn n 
Laboratnry for renpived from the Eqiiroe of the fial<3i prorifte^l tlmt the ti^X 
forcea jnay he Deglaotod^ 


Pftrtiela tfctiQD to tha ftelfl of a blnok holt [3] 

bet TiO now eoDslfiar the elation of laotian of e particle felling imterOe 
radiiilly^ Sucti a partltle hnn nsro angnlor manioat^ anfi aq ne can write Bn, 


(B^lO.lb} in the IgA 



(W.3,1) 


where T la the proper tine on the trajootorj, reeor^^ hy m cIocIl on tha faU- 
ing partiele. The quantity ^ olearly repreaeots the nquero of the 

welooliy a* r foot the cooriStoata roloeity at infinity) bo 




-T 

Ot/ 


2 3GM 

+ — 
<m r 


(compare the Newtomau equation ^ ^ anfl 


Qt = 


<tr 


■ 

nie piropBr QlnpsliiC h*t«eo fg *Bid 1® tliu* 


(10.3,2) 




dr 




ilW 


■/? 


2r^CM 


agi 

«i 








Thie la finite fur *11 r^^, oven fnr r^«0^ A frooly falltx^j| pnrtiole ttop 
pAseea tbroogh tho critical Tudliui after a finite tiM nnfl totieod arrlvo* at 
the alngulerity at the origin^ if acceoalhie* after a finite proper timo. The 
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Telocity dr/OT lnor««£«« coaiinuBUy la eccord -bltb the Ne^oaian 
We uuBi hzyvwf-T emphaaiB^ that dr/dr ii the rat* at vfaUh radial coardloatfl 
Dirkera are passed Haaaured trith aa eu baard chraocKsietQr^ If inetead &f tab- 
infi ahiphoard proper tiitoB tfee tiB» pArauBtar ire taka c^^crdiuaie tlaa^ irtiicli 

-'i, 

£a alag the proper tljae ef aa oheerrer at infliiityt we i»iat dsa Eq^ 
anil vrjte 

where 1-E® repreaent# the oaordlwte Teloetty aquared at infiaity, which is 
also the Braaared vaLae at iqfinliy. The irfllaefiy t -26H:i no 

ve would ha’TE erpeetcd alaco avea the coardlELats Teloolty of light gore to 
lem at the critical radlua^ usy evmluata the tine takan to reaqb the 

critical rfldiuar 


=1 


VI-K 


bJ 


fi asM, acj 


i 


t ■= * 301 in (■ 


Tj- acM _ 


which teuda to infinity aa 3©l 

(ii) la tbe Unit i-J£^ ^ P we hi£ir£ 

t . -^ J| ,1 . *a ri , ta 

which again teada to infinity aa ^ Sffll, 


(1D.3.&) 


Coulder the twg liaita i 

(1} l-K* - 1 , the teat particle having the velcclty of lights Then 






Thofl froB the paint of view of an ooteide ebaerver a particle approaching the 
trttiMl radio a slows down and tokea an inf 1 ait# tim to roach ftp Prom the 
point of vi^ of an observer falling wJtb the partiale th* critical rndlop U 
paaned eftsr a finite tiew add Hfe goes o» am nauol^ FToa the point of view 
of on outffidfi ohaerver^ thm^ anything which paaneB the critical mdina^ using 
tbe proper tltte of the falling objeot as the tiM pornaHter, ia affectively 
lost for aver and we shall now ahow that this is the Incxorehla fata pf a large 
class of falling objects^ It is most convenient to use for this study ihe 



BLtX^ HDLES 


1B9 


1 ^. (9 40 .in)! we RtielE to th« Btaddard fom of tlie Sqbwariticliilii ooiutiou 
bocnujio of tbe of 'th* oq^uotloQii sot ion ia tliei? ooordiaai^B and 

b«eaiifl€ of tho clDse onBlogy with tho foMillor equatioDO of ^jewtoniaQ thanry^ 


with 


, d£ 
^ dt 


B 


Dlfforfi-ntiatlDg with r^Bpoct to T va otitoip 

m 301 




dT'^ 




Bquotion (10^3,6^) ±b the ojidlo^a of tba NwtoiiiAiL oqu^tion for cMBerration 
of energy and Eq, (104 *r) th* auBloguo of the NewtoaiBn aqiiiatlon for the 
radial acoalaroticm* We intorprat E^ii (10«3»S) in the folLowlDg way^ Aa 
1- - - vfl find i 

UtJ "* g* “ *■ 


where 


Binca 


f^r X 


dx 

jl 

“o "dr * 


whore ij tho proper mafia, wo idoatify tha quantity i/E^ with tha iqoare 

of tha total anargy at Infinity fox unit proper mfiBa, E„. Thea 

ta the Sewtciaiiiii limit we repleoe f by t , and npleolai hy find 

(*r\* _ 

\dt/ " ** ■*«< " j.a r 

where T id tho Itinotic energy for imit jaaoo ond we liave dropped thooe teme 
wfa.i{:h are eaoll in the ^dewtonian liAit. 

Troll (S0,3.0) it U elaer tint we uy regard the Qumtity 


^u.m - 

2 r2 ^ 


T 


aa the effective potaatial Oeteminliag r oh a functioD of t * however, la 
relativlatic prohlejaH wa work with total energy more often thaw Irtaetlc aiergy 
and it i s coavenioat to write 

where V^r) = (l + j 


{ 10 . 3 . 11 ) 



IfiO 


(mAVimiOf^ EHoATTMTY 


is totHl eutergj fqr unit bb6s At infiAliy (and need nat ba s^reo’cirr 
than tiolty) v)i3 B Ik tba oi^lBr miiBaniiDi] for unit oaaj. 

Ibiii potential funetioii V^(r) hmm a long rmnga attmotiTO pi^c^ varying bk 
B Kborter range repulKiva pi oca varying «a t ^ an d an ^on ehoTter rnuge 
attraotiva pleoa varying as * At very large r, V^Cr)"*!* Aa r liocrea^ 
Rvs it vill go faelow 1 and tbau far a fluffiriently large value of R rea<^ a 
■iniiiKia end jnfraape witb deareaHiiig r * 'Hiia luereaaA la Juit the 'eentrifo»^ 
gal repulKlDOr and thaae ora prealsaly tb« Dbiiracitrerioticfl CDConiDtared in the 
Nevtoniun prehlen^ However | at very ipnnll r a rantrifiigal attraotlan prwonts 
V^(r) fi-fm in«r«aBlng to im infinite valne at t ^ 0, pvaiinoeB a Binxinmn 
in V^{r) and then digs a Imte in tho aiddle^ Ve nay note tliat a oentrifugai 

jtTy 

attraotion io preaent even in the ef|_iiBtiqiis of emtiacii wa ahtained in tbo weaJc 
field ease (S.4#14)j wo were forced to iotradiiDe such u temn 

to acociunt for the de fleet Ion of light hy tbe Sun. 


The marlwi and ninina of the potential funotimi are given hy 

av®(rj « t. aSTi GH „ 

—^ = 0 or - 0 . 


(10,3,12) 


the trivial Bplution of thie equation Is of oonrao r a » the ather two aolu- 
tioLLs are 

( 10 , 3 , 13 ) 


1 

r 


r 


There ie aeither a mxiiBsm ner a mlnimm if 


4 



1 


a < sy^swf 


At thia Value the imrLDuft end foiniMjii caalaBoe Into a point of Inflexion at 
r ■ 51^ whidi represenis iho last poseihle itahle clrenlar orbit* Thun for 
any valne of tha energy at iafinity ttaosre ia no repnlaion to atop a toat parti- 
cie* vith II < S/3 l3i froB falling into ra: and hence being Captured hy 

the acurev of the gravitational fiolO, tlue Newtonian can# of conrac any 

npn-zero angtiiar i&aieentiiffl is sufficient to prevent a tost partiele falling in 
to r= 0 , 


For a opccifiod imlua of the maKLaiiM of the contrlfugnl barrier 

odoura at r 

. . r r- -I 

(10.3. S4l 




If the total energy is suffioiont for the test particle to oroba the harrier, 
then it will he swaUoved up. The eondltlon for oaptore is 



BLAOI 


101 


E® > VH* ,) * (10.3.16) 

^ OiOJC 

For n parttiilf coninfl In irm infinity w cftn djpr^ss the en^ltii' ffloBejitwn for 
unit Baflo ia temv of an u^wict pnrainetdr and the eoprgy at inf Laity* Far froiii 
ttl4f aourtif, Iflotidn la HpproJCifflfltQly atmifclit Lindi and flo 


r 004 cp^b j ratos^ax 

ifbaird £p ia tba MumiJEial angle neasiire-Cl from ^ | whirnte 



. 1 - H 


ao that 

B (E* - 1) . 

(10.3.19) 

Am ^ (corrcapoadliig ^ 

a pnrlicle i»rlo« with 

tbe Tolpeity of Itgbt) tbo 

cQiiditian (lQ*3«ld) 

K - 


bacames 

^(i-^)=i. 

=** 


With T ^ :sm vm hbira 

fflp&'X 

Ttb® = 27tT((ai)^ 

(10.3.IT) 


tmfl this Id tb« capture craaa-^eocttcn of An object of naa* M , pttjfieiontly 
cunpaci tn be enveloped by an drent borixoa^ for relativistic parttclea. ft 
ie alflo clear that there la no atablc orbit for relativletic pnrticlea, but 
that (in tinat&blo ciTralar orbli eiiata at •■ 


For nott-relatlvtatie particles atiirtiiifi at infiHity 

of couroe, Th* energy qondlllon io obtaijitd by Betting E^—1>»>0 

li»ve , - 

azH am, 

“ r r " 

mHT EM wix laax 


vben wa 


fio.^aa) 


Set 



and solve for a* obtaining 


1 

r 

max 


_1_ 

4tiM 



CouBiiare with tha coalition detmalBing 
tial (10.3.H) 


the pnxiiDQE] of the poten- 
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^ £ T-i— ^ I + /l _ 12 

T ecM \ ^ V \r/ J 


ma^ 


ILDil BP 

Then 


n m 4(LH 3 , 


Tjh‘ 


16 IT 




(10.3.16) 


Aa ahjeet eafficieatXy cocd^diafrd »□ up to lie idmlLy ivitliln lt§ erlticiil 
(£cliwDr£flchil(t) Tadiua thuH ^xbihitd the fdll-D^iiig feetuj^ed. lUcrre exiiti ao 
Btdhle eirctilur «rbit ineidB r^eCH, mid aiay t*Mi particle end&ved vlth liuiuf^ 
fieient angular mottentuiB irretrievably fall a Into the critical radluat taking 
infinita time (ea Been by mi extai:^! ebaerver) to get tMere^ An eternal 

obettrvar cannot laeauingfully aak vhat happctui after thiii radiua it pauaed^ It 
iB in thia £«aa« that auch a ocllapBed object cviiH-titiitaB e hole in space« 
Light eamiDt ancnpe through the critical radiiie end aa thia radiua is 
approachBd light boconoB Infinitolj redahlfted^ The bola la blacks 


10 ./I The oearcb for black holaa 

It may he that black bolea were foraed Jo the early Btagfea of the e^plu- 
tlon of the univerBC^ and it my be that very napaiva black holaa have faami 
famwd aa the rofnilt of the inplcaiop of star olustera or the ooFei qf uale- 
xleB« Ve ahall however liaii oiLraelvei to o brief dlBcaasion of the my in 
iJiich black bale a formed by the colLapie of etorB might Hnifeert theHclvap [4l, 


A yoiuig fftor conBlete noBtly of hydrogen* In the aarly atagea of atar fomia- 
tian a Gloud of intaritcllar gas and daet ccllapooH, heats up and at the same 
time radiatei'avay the fmrplne enargy released in contraction. When the 
Interior hacomeB hot enongh for the ffiicleor re act tone ’which transiHote hydrogen 
to holloa la proceed, despite the inhibiting effect of the Coulomb repulBioUf 
the star enters a quasi— eqtiilibrttiB phase. In thla phase the onorgy radiAtad 
free the hot surfaeB ia balnnced by the nuclear euergy squreea in tho carO, 
Ones t-be bydrqgeu in the cere is aahsnsted^ collapBo af tho Core staria which 
la stopped when heliwi is homed to oarbon and exygeu. Moat of the available 
miQlear energy bs# boen consumed in the fermatien of haliuin and ao a msai-po 
core will rvolTO quickly towards iron, after no further nuclear energy 

is ffvailshle. If this cot# is enfficimtly denae that the electrons ore 
largely relatlTistiCi the pressure eierted hy this Fermi aea of eleotrona is 
ijisufflciant tc slop further collapaCir The critical mass for this la known 
aa the Cbandrasekhar limit and is about 



BLACK 


1S3 


If th« core ikerwr ihli lifli'ti 'tbe rBaain non- 

rtln-tivlatle, tte Fensi pres wire pre^-entB ^ollif|]Bft and tb# itnr ^aolp -tbrougb 
a dwai^f phaiw in wbicb tbe fclnstlfi euerjty of tb? oueiei lexica anBy, If 

the core ia abovs thfl ChiiDdraBelcbnr Itiffit^ dollapa« coatinufli In an nuBtable 
pitnatioisi the 3 iero paint energy of the eleetrane ie raided to the level ot 
vhlcb they iire removed throogh tbe reaction 

p + e" — n + V 

end col lapse only etopa vben tb« neutron pres wife bnlaiicoa the ;gravltBtlan4l 
preaaure, Ihe dnaeity ia nnif Buclenr denaity^ The niniiffliH oaha for a neutron 
star ia >^0.1 . (It in mmiBiiig but rather fortuitous that tbia ronilt may 

he obtained nierely hy augmenting th# ueiDi^iiiDplrlcul termula fur nuclear Doaeoe 
by a grB?ltati<niAl energy tena.) 

If uo take the demlty of suftb a acutron ptnr to he 3 X iO^*EPi ea“^t radlap 

for 1 Mg is loifip and — “ 0-1* Keeping the density oo&atant and increueinft 
3GW ^ 

the fflaaa, ^ 1 is renched at a naae of 

Tbtac cal dilutions anly give a very rough idea of the maflu far which a psntrcu 
star ourraujida itself with an event horlxian. It iu clear that La order to 

make D proper caLdilatlou it ia oeceaeary to put in a roaliatic iH|aatioii of 
state fcr the TL-entronic wttar and calculate the equilihritiit ccndltloDS ueLzig 
general relativity Inatead of Navtaniaji gravitatiao [&!« -A neutron etar of 
mass less l imn vili expand to heoamo a white dwarf; a deutrqn atar 

of msas greatar than b few will itself he unstable against fraii-taticiiHl 
ooLlapsa^ Ve tsxp^ct therefore the coIlBpBe af a Btellar core vitb maos ei- 
ceedLng a few ta lead to a blaoh hale, 

!□ seari^ing for 0 black bale represauting the end point of tho ovcLution o-l a 
star we ahoiild therefore look for ^ object of several oalar uateii or nore 
which is invisible and Buuifesta itself only tbrongh Ita long range gravite^ 
tiaul field. If we can find diract ovldenea of aaall ai^e (remembering that 
f^kfl) and otropg gravltatiounL field, so much the better« It seems 
hopalesa to aearch far isolated black boieo^ but eocH 3G/^ of oil atars ere msiHi- 
berp of DMiltiple eyitena bl. The eeoroh fans therefora couctntratod on binary 
eyatesLs with pne sppsrontly udmal aeober. Obeervatian of the cbaraetoristica 
of the orbit of the primary iAn yield tho ofiaa of the unseen aeoondory. An 
craaple ie the psdiltar eclipairm binary e Aurigae* Ihe primary bus on orbi-^ 
tsl velocity of 14k3ns"^ (obtainad fraa Doppler shifts) ond the period of the 
syutem is 27pi years (from both Peppier shifts and tha eclipBea)^ The velocity 
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uf tiiE primary oq<J the periofi glvs the ai the lovlBibl# efreon^ry Id tcniia 

of tba prinuiry nutaa. Ttie lfitt«r bo aalitaaied frnm Ibe viadal ap^Daranpe: 
it eeeiOB that the rltible star ia rather far advoacad in its erolisit^lon and baa 
a ill tbfl rouge ^ implyicig a sEcondary maas id the ran^e 

, Tfhicli la i^ertaidly far toe mnaiva^ for a nantron atar. Rowevwrt 
the eclipa* laate for abotit 400 days and If the R-eoDn4iry it ooaipi^ot tt natt 
he atirmaaOed by m dipo of fairly opaqrie mucic idiiich Aotnnlly doee the tcllpi^ 
lEig» While nueb a nodo] explalna the light enrre of the eelipaeti ve caniHit 
c^onoltldfi thnt c Aurigae coaioina b gaqd hlaolr hole oandld^tef It ia poialhLo 
that the aefondory la tii^Iy n hit too foLat to b* vieible tll- 


The heat randidatp to date la the X-ray aource Cygmia %-l- The vlalble alar 
(HD£ 22^63) haa all the hallBnrka of a mipergiftiit with UABi aad from 

the Doppler ahlfta the ^oloolty of the prlasary ia ^ TSkfiia^^, [a3 and the 
period ia S.6 deya. Tho aaeB of the doooudary it iaftrrad to hr la 

thla ayateo there ia evidaziot from th« prapcrti^a qf the X-rny aqurce that the 
aoDoadory ia eoB^ci F|rat, there ar* fl~trai||i irragolar flu^taatioda vith 

a timeBpalo qf'^O^laec^ and irregulBr flic^icerlDg qn a XQllHaECODd time ?fial a 
[lOl. The lU^rdya ore thereforE produced fmia ode qr nrirE rEgiauB only a fav 
hiiti drtd IcllcKttieiraB aorosq^ SeCDddly^ Ituiat of th& lUray Energy radiated Ilea 
Id tho range tCl-IOOKeV « Tbe ^rAya art ihqnght to result from the diatvnded 
ernrelopa of the ffttperglani lireaming aisros? the equilihriiiB poiirt b#tv*en the 
two graTitatiodal fiolda and falling in towdrflp the flecondR-ry t* fora a tiirliiiw 
lent acoration fliaOi hefttiDg Dp and radiating [fl], If n gmtT^ fall in to 
mdiud r fae-fare gettidg hati then very ron^ly 


(9fai 


T+ 




(10.4.1) 


where M la the nmae of th* seoandaTy^ the X^ray Iwlivoilty n&d f the 

teaq>eratiire of the eoitting region. The quantity tj ia Stefan^a oqnataat^ 

The lUray luiDirkaMity ip ahtaidad from the J^ray inteiipity pt the recaiTcr nnfl 

eetimatea of the diatance of Cygjraq X-1* The diaf^ice may be obtoiDad fm* 

the hrighinieEa of the primary and the oharqgteriptlra of tlm ppeetrum. Thla 

ip a hit dangeronj bcoadflo tbe priHry In Bitch a pyitflB Bight be abnormal: a 

Ihrther Bcthod of eitiaatiog the distance ip froB the reddening of the light 

from the primary by interitellar duet Ul]* The bent eatinate of hiatanca ia 

$000 light years and the correBpondlng ^alue of ie 10^’ erg a*'^ (ahant 

10^ X 1 , 

s 

If we take I IQ^ '^( correspqndiiig to a tharmai Enargy id the gap orbiting 
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leg 


tbe se«olldlkry of fceV) then 
And if M = eH^th^ti 


r « loo kn 

m ^ 10^*^ iTO 
w 10-^ 


e«cb yfliT* Thifl Ip o vtrf ropKnabl^ rote of tronoferi it aust rmsm- 
bored tbot tbe cooler outer ro|[ion« of tbe fliec of ffos Btiist n*t bo tofl eoiifte 


or tb# X^^ro^o roold jint |et out. 


The X-rny sourire Horenloe 3U1 proTrjdes e beautiful illuatratioa of tbia methii- 
niflD At work [o3* This bioary o^atOD boa a pmr±od pf 1.7 doya and the X-ray* 
are pul fled with a p^riQd of just ovor L,e bboj lb tho roiige of (radio) polaarB. 
nils pulsation pr*aiimBbly reflect* the ratatiou of a oeuljron fltori onC hoE 
allowed the extraction of the velocity of the Betoudary through the periodic 
Uoppler shift exhibited by the piil*infl: it ir ia0bM*"> [l3]. CJptical 
Doppler Btudi** of the primary (HE Barculii) yield a priBury Tciocity of 
M dO bm , 0ij] * 


Ftm these munhars We can woric out at once lb# Baspoa o-f both cofloponoDti i 
AaaunJng rhwII eccentricity^ e* indicated by tba detail* of the l>o[^Ler ehiftst 


we have 


GH^Hj MgTf 


(10.4.2) 


idiere 
pIbd have 


are the dietsnet* Irtun the centre of mafla of the ayatw* Ve 



( 10 . 4 . 3 ) 


whore t ia the period, Then 


3.8 X 10 *® m (i.a M^g) 

1.& )t 10*® gn (0.8 1^) 


(10.4.4) 


The mas* of the prinary thuB extrerted iq in agremiMiit with the appearancs of 
the primary HZ ITercuILe and the aa** af the Beoandary i* indeed right In the 
Diddle of the rai^e of Hsaes expected for neutron ertnra. 


The distenca of ficrctileB JL4 is mIG* light ycara and the X-ray luminority 1* 
10®^ erg a*this eclipsing eystem has a furthar anueing feature, Th^ prl- 
Biary ia brighter and bluer on th* side of the X-ray saureot beemidg diBnaer and 
redder when tha primary is eclipsing the Bocondery, [ivl. The atmosphere is 
preaiBBahly heated by the ii^ct of X^rajB from Barcnlcfl Xvt , 

The X-rsy source Ceutaurus X-? has similar feature* [d]. The par led is 3.1 
days oud the X-raya are pulaad with a period of 4i64 aacundax presumably the 
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aocrtiing HAC^bdiiry in auqtlier nfutroiii itar. 

cannot of oonTi^ oonclnde thtt C^^keiua X-1 eontaina B lilack bale. It 1 b 
L tt^Baibls that tbe Bcorttiag dbjoot La Ibbe laaaaivB tbaa ^^ 0 * BSUuiplB, 

p«rhApa it ia a nen-tron rtnr in orbit about a aitar of diofs vbloli in tum 

ij orbiting the priBaryf althau^ib thio sb^ub oimbely* Horwevtrt ot&d if tho 
occrotlnc aBaB is all tho activity th* ielepeope» are loakicy at 

ia occttrrio^;; a tnLnOrBd kil«Mtr«ii cut and ibe hypothetioal critical radlua is 
at '^iSknip Tho orilricBl redina tdiicli ie tba ohaFncrteriatic distlb^iEking 
the fi«ld£ af blnck holaa fron other Bouraaa of Ftronig gravitational fielda im 
tbtiBa at leafft for the noiaont^ beypotl obBervation, 

10,6 TTifl nnlygrig^ 

On H large BCBle tbo imlverea La of rongbly oonatant dgneityp If It ia 
both big enou^ and denj# enougb tbe gravitational field will taike escape of 
light to Infinity ie^oaeible and the univeroe vcbid than be closed^ For a 
proper dlaonasion of coflaologj it in necesaary to ue# tbfl spltitlana qf 
Einateln'B field «|UAtloiiB in the propeoce of a ojilfoRB deoBity pf matter [iSli 
here kb nerely Hate that the ppedition the 'universe be cLoeed ia very approxl- 
■Btely 

'The radlua of the imlverae abauld be tahen bb ^ 10^ cm , oorresppndii;^ to at— 
pansion at approriiiately the velooity of light for about 10^® years, Ic order 
to eatlafy Ei|p (iD^b,i) ve need p danaity Eowver ths beat 

oatiJBateB of the density correotly ovBilBble yield 10*^^ gm cnt"^* and it 

seema that the lof^haiiEl pide of Eq. {l'0,S,l) is ot leapt aa order of magni- 
tttdft lepE ihan mrltyi In^Lylug an Open mLiverfle rather tb-on e universal block 
bolt, [lel. 


GH 
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